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PREFACE. 



The following elementary book on Dynamics has been 
prepared for a special purpose. It is to take its place in 
a series adapted for the requirements of Science Classes, 
under the Science and Art Department. I have, there- 
fore, at the request of the publishers, made the order in 
which the various subjects are treated agree closely with 
the scheme drawn up by the Science and Art Depart- 
ment, and issued in the Government Directory. I am 
in hopes, however, that the book may be found useful to 
others besides those for whom it is primarily arranged. 

Without the assumption of more mathematical know- 
ledge than students taking the " First Course in Theore- 
tical Mechanics" are supposed to possess, it woiild be 
impossible to give satisfactory proofs of all the proposi- 
tions that m\ist be considered even in the elementary 
theory of Dynamics. This may be said, for example, of 
some of the propositions in the theory of Couples, of 
those regarding Circular Motion, and even of the Paral- 
lelogram of Forces. In such cases I have endeavoured, 
instead of attempting to put forward imperfect proofs, 
simply to give clear statements of the propositions, or of 
the meanings and the objects of the formulas, with ex- 
planations which may enable the student to retain thsk 
propositions or the formulas ia lai^ xcvetcisst^* "^^T^^^^^a 
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reaches a more advanced stage he will be better able to 
enter into the mathematical demonstrations. In the 
meantime, he should aim at obtaining clear physical 
conceptions regarding the first principles of Dynamics, 
and should learn to express his knowledge with pre- 
cision and definiteness. 

I have to acknowledge the great obligations that I owe 
to Professor James Thomson, LL.D., for the help that 
he has given me, critically and otherwise, in the prepa- 
ration of various parts of this book, and particularly in 
the writing of the chapter on Gravitation and Terrestrial 
Gravity, in which improved modes of exposition, tending, 
it is hoped, to increased clearness and correctness of 
thought, have been introduced. 

J. T. BOTTOMLEY. 

TJNivERsrrY of Glasgow, 
November^ 1876, 
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INTRODUCTION. 



Dynamics is the science which toats of the action of 
force. The name is derived from the Greek word ^vvafiiQ 
(dynamis), meaning/orcd. "Within the last twenty years 
many improvements have been made in the nomenclature 
employed in this science. The name MechanicSy which 
properly denotes the science of machines, and was used 
by Newton in that sense, came for a time into use, 
instead of the appropriate word Dynamics, for the science 
which treats of force; and under that name there was a 
peculiar "cross-division" of the subject into Statics and 
Dynamics, in which the proper signification of the latter 
name was altogether departed from. The change to a 
better nomenclature has recently been made; but the 
two titles of this book will stand for a time together on 
the title-page until the proper usage has come to be more 
familiar; and the double title may be regarded as a kind 
of monument of the transition. 

Dynamics, or the science which treats of force and its 
effects in general, is subdivided into two branches, to 
which the names Statics and Kinetics are given. Statics 
is the branch which treats of the balancing of forces, 
whether acting on bodies at rest or in uniform rectlinear 
motion. Kinetics is the part of Dynamics -^ViCL'i^cL \x^^i^sw 
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of forces acting against inertia of matter, and producing 
motion, or change of motion. For example,' under Statics 
are considered such questions as the relation between 
forces applied to a lerer when those forces are in equili- 
brium. Under Kinetics fall such questions as the setting 
in motion of a bullet by the pressure due to the explosion 
of gunpowder in a gun, or as the regulating action of 
the fly wheel on the speed of a steam engine. 

Before entering on the consideration of the effects of 
force, and of the measurement of force, it is necessary 
to obtain some fundamental notions concerning the 
measurement of tirney apace, mass, velocity, a^iceleration, 
and momentum. To these, therefore, the first chapter, 
which may be regarded as introductory to Dynamics, is 
devoted. 



*, 



THEORETICAL MECHANICS. 



CHAPTER I. 

MEASUBEMENT OF TIME, SPACE, MASS> VELOCITY, 
ACCELERATION, UOMENTUM. 

1. Measnreiueilt of Time. — Our primary idea of time 
is got from observing the succession of events, and, in 
particular, the succession of our own ideas. We notice 
external phenomena, and we receive from them, and 
from the succession of ideas that they call up in our 
minds, the mental impression of duration. At the same 
time, we form involuntarily a rough comparative estimate 
of the length of time that elapses between one event and 
another. To take a simple example, looking at a ball 
rolling along a smooth horizontal table, or a curling stone 
on smooth ice, we see the body successively occupying 
different positions, and we observe the time that elapses 
during its passage from one position to another. Almost 
unconsciously we compare the time taken to traverse 10 
feet with the time taken to traverse 20 feet; and if other 
events are occurring at the same time, for example, if a 
second ball or stone is moving after the first, we perhaps 
compare the time t«.ken by the second body to pass over 10 
feet with the time taken by the first to traverse the same 
distance. Even when there is no observation of external 
changes, as when we sit perfectly still in a dark room, the 
succession of our thoughts is accompanied by consciousness 
of duration; and this mental sensation, if we may call it 
so, of the passage of ideas through our minds, constitutes 
our perception of the flow of time. 
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The succession of our ideas does not, however, afford us 
any standard by which we can measure intervals of time ; 
and still less has one individual the means of comparing the 
passage of ideas in his own mind with the passage of ideas 
in the nmnd of another. It is the observation of external 
phenomena that must be used for the measurement of time. 

The phenomenon in nature which all mankind have 
adopted as the foundation of the measurement of time is 
the periodic rising and setting of the sun. By the least 
civilised and by the most highly cultivated, the same 
general standard is adopted, although in the latter case, 
as we shall now explain, the irregularities to which the 
lising and setting of the sun are subject are done away 
with, for the purposes of reckoning, by considering an 
average instead of the real motion. 

2. Standard of Time. — The stundard of time for asti-o- 
nomical purposes is the Sidereal Day, It is the time that 
the earth takes to revolve on its own axis; and the length 
of it is determined by observing the interval that elapses 
from the moment that a fixed star appears to cross the 
meridian of any place, till the same star again crosses that 
meridian, going in the same direction. It is by this means 
that clocks of astronomical observatories are set from day 
to day. Part of the daily work of every observatory is to 
determine the true time; * and it is by means of deter- 
minations made in observatories that clocks and watches, 
on land, are set in civilised countries. The length of a 
sidereal day has been shown by calculation to be very 
nearly constant. By means of records of ancient obser- 
vations of eclipses, it appears probable that, since the 
year 720 B.C., the time of a rev<^ution of the earth on 
its axis has become increased by iot more than ^ ^^^ ^^^^ 
of its length, that is, by about ^\- of a second of time. 

* It will be noticed that the word "time*' is used in two senses 
in the English language. In one sense an interval of time is 
meant as '* a long time," "a short time," the *'time taken by a 
stone to fall 30 ft. from rest ;" in the other, a particular instant 
in duration, as **the time of day," the "time at which eKtcrior 
contact in a solar eclipse commences." 
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From the sidereal day the Mean Solar Day is easily 
derived; and the mean solar day is, as we have said, the 
unit by which time is measured for ordinary purposes. 
The mean solar day is the average interval of time that 
elapses between two passages of the sun across the meri- 
diaiL It is about four minutes longer than the sidereal 
day, owing to the motion of the earth in its orbit round 
the sun. The mean solar day is divided into twenty-four 
hours; each hour is divided into 60 minutes, and each 
minute into 60 seconds. Besides these units there are 
the Mean Solar Year, consisting of 365*242 mean solar 
days, and the CerUury, consisting of 100 mean solar years. 
Q^ese are used for expres^ng the measure of long periods 
of time. 

S. Measurement of Space. — Space is measured by arbi- 
trarily defined units. By Act of Parliament, the primary 
British Unit of length is the Imperial Yard. It is de- 
fined to be the distance between two marks on a certain 
metallic bar, which is kept in the Office of the Exchequer, 
when the whole bar has a temperature of 60° F. The yard 
is not derived from any fixed length in Nature. It came 
gradually into general use; and when the time arrived 
that it was necessary, owing to advance of civilization, to 
settle definitely an imperial standard, the standard yard 
was defined in the way just stated. To preserve the stan- 
dard, the relation between the length of the yard and that 
of a seconds pendulum, at a particular station, has been very 
accurately determined; and were the standard yard lost 
or destroyed, it could be replaced by means of pendulum 
measurements. It could also be replaced by means of the 
carefully measured base lines of the Ordnance Survey, ex- 
cept in the case of the alteration of these lines by earth- 
quake disturbance. There are, however, certain authorised 
copies of the standard yard kept in various places, for the 
purpose of replacing the original standard if necessary. 

The yard is divided into three feet, and the foot into 
twelve inches; and besides these lengths there are the 
mile, the furlong, the fathom, and a number ot <^^2w53c^. 
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The foot and inch for the measurement of short lengths, 
and the mile for measurement of great distances are, 
however, those most generally used.* 

4. The Metric System. — ^The Metric System of length 
measurement was invented in France. It is founded on the 
Metre, which was oilginally defined to be the ten-millionth 
part of a quadrant of the earth's meridian, from the pole to 
the equator. By means of careful measurements, the 
length of a certain quadrant was estimated, and a standard 
was constructed; and it is that standard and the accurate 
copies of it, kept in France, in London, and elsewhere, that 
now practically define the metre. The metre is divided 
decimally, one-tenth of a metre being called a decimetre, 
one-tenth of a decimetre, or one-hundredth of a metre, a 
centimetre, and one-tenth of a centimetre, or one-thousandth 
part of a metre, a millimetre. One thousand metres is 
called a kilometre. In order to avoid the multiplication 
of names, however, it is convenient to use only the centi- 
metre and the kilometre; the centimetre for the measure- 
ment of short lengths, and the kilometre for greater 
lengths, such, for example, as we should measure in miles. 

The centimetre is chosen as the practical unit of length 
on account of its connection with the unit of mass on the 
metrical system; and, by using it, calculations regarding 
masses and weights are much simplified. Thus it will 
generally be found, in dynamical questions, more con- 
venient to speak of 1000 centimetres than of 10 metres. 
The kilometre is used because the numbers required to 
express a few miles in centimetres would be inconveni- 
ently great. 

In the Appendix will be found a table comparing the 
weights and measures of the British system with those of 
the metric system. The student will do well to accustom 

* Unfortunately there are two lengths, each called a mile : the 
statute niile, of 1760 yards, and the sea mile of 2029 yarda nearly. 
Of these, the latter alone is convenient for geographical measure- 
ments. It is the length of one mean minute of longitude at the 
equator, and is thus admirably suited to measurements for geo- 
^aphical and nautical purposes. 
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himself to the use of the latter system, not only on account 
of its convenience, so far as scientific calculation is con- 
cerned, but also Ijecause it is daily gaining ground in 
England, and even more rapidly abroad, and must shortly 
become universally employed. 

5. Mass or Quantity of Matter. — Among the properties 
of matter that present themselves directly to our senses, 
are certain properties which lead us to consider differences 
in quantity of matter, both in bodies of the same material 
and in bodies of different materials. We find, of bodies 
whose composition is the same, some large and others 
small; and everything else being the same, we consider 
of course that, of two bodies, the one which has gi'eater 
size or volume contains the greater quantity of material. 
Again, we meet with some bodies that are close-grained 
and compact, and others that are loosely arranged and 
perhaps porous, and though it would be fallacious to 
conclude that a body whose pores are visible or easily 
perceptible necessarily contains but a small quantity of 
matter, nevertheless we are led to the notion of a larger 
or smaller quantity of material being packed together 
in a given space. Again, when we think of the weight 
of bodies, we find, for the most part, that compact and 
close-built bodies are heavy in comparison with the 
loose and porous ones. Lead^ for example, weighs much 
heavier, bulk for bulk, than wood or chalk, and thus we 
naturally conclude that the weight of bodies depends to 
some extent on their mass, finding, as we do, that for 
bodies of the same material double bulk has double 
weight. Lastly, when we consider the effect of forces in 
setting different bodies in motion, we perceive that the 
inertia is greatest in those that weigh heaviest, and that 
appear most compact. Compare, for example, the force 
that it would be necessary to exert in order to strike off 
with the same velocity a common cricket ball, a ball of 
worsted, and a ball of lead, the size of all the balls being 
the same. From inertia we thus get the impression of 
mass, or quantity of matter. 
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6. Mass, Hke time and length, is measured by compari- 
son with an arbitrary standard. * The British unit of mass 
is the Imperial Pound, It is a quantity of matter equal to 
that of a certain piece of platinum that is kept in the Office 
of the Exchequer. The unit of mass is defined thus by 
Act of Parliament, and certified copies of the standard 
are kept in various places for the purpose of replacing it, 
should it be accidentally lost or destroyed. 

The unit of mass in the metrical system is the Gramme. 
It was primarily defined to be equal to the mass of one 
cubic centimetre of distilled water at the temperature of 
maximum density of water. Practically, however, the 
standard unit of mass in the metrical system, as in the 
British system, is a certain piece of platinum defined by 
Statute. 

Definition. — ^Two bodies are said to be of equal mass 
when they have equal inertia, t 

7. Comparison of Masses. — Masses are, however, com- 
pared by weighing. From the beginning of the world this 
has been the method of measuring out quantities of 
matter; and though mass might be determined other- 
wise, there is no other method that would be simple 
enough to be applicable in practice. 

It is owing to this, that, in common language, mass 
and weight are used as synonymous. The student, how- 
ever, should not fail to remark that, in the majority of 
cases where weighing is used, it is not heaviness but the 
mass that is to be determined. Nevertheless, although 
from the most ancient times it has been tacitly assumed 
that a pound of one material is as heavy as a pound of 
another material, it was only the experiments of Galileo 

* It is worth noticing here that the units of time, length, and 
mass, are the only units that are arbitrarily chosen in the absolute 
system of dynamical measurement. Thus the unit of velocity is 
unit of length passed over in unit of time; the unit of force, that 
force whicn acting for unit of time on unit of mass gives it unit 
of velocity. The units of time, length, and mass, are called 
fundamental, and the others derived units, 

t Consult Arts. 19 and 37, p. 69. 



VELOCITY. 15 

and Newton that justified the assumption, and that proved 
the grand law of nature that gravitation is proportional to 
mass. This will be more fully explained later. 

8. Velocity. — ^When a point, or a body, is changing 
its position, or moving from place to place, it may do so 
rapidly or slowly. Velocity is the rate at which the point 
or moving body cJmnges its position. Primarily, the 
word refers to linear motion, and it is understood to 
mean the rate at which a body moving along a line, 
whether straight or curved, describes its path. The 
term angular velocity is, however, also used, and will be 
explained hereafter. 

Velocity may be either uniform or variable; equal 
spaces may be passed over in equal times, or the spaces 
passed over in equal times may be unequal. Uniform 
velocity is measured by the space passed over in unit of 
time; variable velocity is measured, at any particular 
instant or at any particular point of the path of the mov- 
ing body, by the space that would be traversed in unit of 
time by the point, were it to go on moving for a unit of 
time with the velocity t/iat it has at the instant or at the 
point of the path considered. 

The space described by a point moving with unvarying 
speed for a certain time, is found by multiplying together 
the number that expresses the velocity, and that which 
expresses the duration of the motion. Thus, a point 
moving for ten seconds, with a velocity of five feet per 
second, traverses 50 feet; if the time of the motion is 
one minute, 300 feet are described. Again, if it moves 
only for one second, it passes over five feet; and if for ^-^ 
of a second, or ^^ of a second, it passes over half a foot 
or a quarter of a foot in the time. 

Let V denote the velocity of a point moving uniformly, 
let T represent the time of the motion, and let S repre- 
sent the space passed over in the time T, then — 

S = VT. 
This is the formula for calculation in all oases of uniform 
motion. 
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9. Conversely, Telocity is measured, when uniform, by 
dividing the number that expresses the distance traversed 
by the number that expresses the time required to traverse 
that distance. Thus, in our example, the point is found 
to traverse five feet in one second, and the velocity is, 
therefore, ^ve feet per second; but, again, when it is 
found to pass over 50 feet in ten seconds, or 300 feet in 
60 seconds, by dividing 50 by 10, or 300 by 60, the 
number, 5, which expresses the velocity of the point in 
feet per second, is found; or, lastly, when it is found to 
describe half a foot in Jg^ of a second, or a quarter of a 
foot in -^ of a second, on dividing ^ by -j^, or ^ by -^^, 
the same number, 5, is found for the velocity in feet 
per second. These considerations are of importance, for 
they indicate to us the method of approximating to the 
measurement of the velocity at a given instant, or at a 
given point, in cases where the motion is not uniform. 

10. When a body is moving with non-uniform velocity, 
we must consider, in the first place, its average velocity. 
If we require to know how far a body travels in a given 
time, we can calculate the distance if we know the 
average velocity with which it is moving. Thus, a train 
whose average velocity is 30 miles per hour, ti-avels 180 
miles in six hours; and it is to be noticed that the result 
is true, though, perhaps, the train does not move over a 
single mile of the whole course at the exact rate specified. 

The average velocity of the body is obtained on the 
principle on which unfibrm velocity is measured, namely, 
of dividing the whole space passed over by the time 
of the motion over that space. In fact, in measuring 
uniform velocity, what we really do is to ascertain the 
average velocity over the space considered; and the only 
difference between the two cases is that in the case of 
uniform velocity, the average agrees exactly with the 
actual velocity over the whole space, but that for non- 
uniform motion this cannot be the case, since the velocity 
is changing from point to point. 

Let us now consider the measurement of the velocity of 
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a non-uniform motion at any particular point or time. The 
average velocity of the motion over the whole course, is 
plainly not to be taken to represent the velocity over any 
particular short part of the course, and much less at any 
particular point. We may deal with the question in the 
following way : — 

In considering the motion of the railway train over a 
particular part of the line, we cannot take the average 
velocity of the whole motion as representing it even ap- 
proximately. We must take instead the time of passing 
over a measured portion of the line at the place under 
consideration. We may observe, for example, the time 
taken to traverse a mile on each side of the place, and 
find the average velocity of the motion over these two 
miles. This will evidently be a more exact measure of 
the velocity at the particular place, than the general aver- 
age over the whole line. The distance then is measured, 
and divided by the time, and the number obtained gives 
an average, it may be a good average, of the velocity at 
the place. But now, instead of taking the average over 
a mile on each side of the place, let the average velocity 
be taken over half a mile on each side, then over a tenth, 
or a hundredth part of a mile on each side. The length of 
path considered will be less and less, and the time of the 
motion considered will be less and less, but dividing the 
one by the other, the quotients obtained will plainly ap- 
proximate more and more closely to the exact measure of 
the velocity at the point considered. Finally, let the dis- 
tance considered be infinitesimal, and therefore also the 
duration of the motion, and we shall obtain an eocact 
measure of the velocity at the given point. These con- 
siderations are worthy of careful thought. They led New- 
ton to the invention of the fluxional, or differential, calculus. 

11. Graphic Representation of Motion. — ^The motion 
of a body may be conveniently displayed in a diagram 
by means of a straight line drawn according to rule. The 
motion at any point of the course is completely specified, 
if the direction of the motion and the velocity are given. 
6* B 
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Both of these may be represented by a straight line. For 
let the line be drawn from the point at which the motion 
is to be considered, and in the direction of the motion at 
that point, and, having chosen a convenient scale for the 
diagram, let a length of the line be cut off, nTimerically 
equal to the velocity of the moving body; that is, let the 
number of units of length in the line cut off be equal to 
the number of units in the velocity to be represented. 
The direction of this line will represent the direction of 
the motion, and its length will i-epresent the velocity. 

Example, — ^A point is moving along 
the curve A B C D with varying velocity. 
At B, its velocity is 8 feet per second, 
at C, 6 feet per second. To represent 
the motion graphically, draw from B 
and the Imes B6 and Cc, tangents 
to the path : it is plain that these lines 
indicate the direction of the motion at 
B and at C. To represent the amount 
of the velocity graphically, let us take 
a tenth of an inch in the diagram 
to correspond to a velocity of one 
foot per second, cut off B6 -j^ of an 
inch in length, and Cc -^ of an inch. 
These lines represent by their direction, 
the direction, and by their length, the 
Fig. 1. velocity, of the moving point when it 

is passing through B and through C respectively. 

12. With the assistance of 
graphic representation, many 
useful problems with respect 
to motion may be readily dis- 
cussed. Let a body be moving 
with uniform velocity along 
a line O X, and suddenly. 
Fig. 2. as it is passing through the 

point A, let a velocity in the direction AY be com- 
municated to it. It is evident that tlie body will cease 
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to move in the line X, and will commence to move in 
some line such as A D. Let it be required to find the 
direction and velocity of the motion. 

Let a ship, for instance, be moving uniformly in the 
direction OX {^g. 3), and at A let a man commence to climb 
upward at a uniform rate in the direction AY. Previous 
to his commencing to climb, the man was moving uniformly 
forward with the ship. Since the mast is being carried 
forward all the time that he is climbing upward, it is 
evident that the real motion of the man will partake both 
of the forward motion of the ship and of his own upward 
motion. We wish to consider the motion that he now has. 

13. Composition of Velocities. — The finding of the 
actual motion of the body under two distinct velocities 
that are given is called the Composition of Velocities, 
The two motions separately communicated to the body 
are called the Component Velocities, and the velocity of 
the actual motion that results from the combination of 
the component velocities is called the Resultant Velocity, 

To find the resultant of two given liniform velocities 
we proceed as follows: — On the line OX let us take AB 
to represent, in magnitude, the motion of the body along 
OX; and drawing the line AY in the direction of the 
communicated velocity cut off AC, representing its magni- 
tude numerically. Draw also BY' parallel to AY, and 
CX' parallel to AX. 



Now, taking the example 
of the ship, since AB repre- 
sents the velocity of tho 
ship's motion, that is, the 
space described in unit of 
time, a minute suppose; at 
the end of the first minute 
the mast AY will have been 
carried along to BY'; and 
since AC represents tho 
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Fig. 3. 
distance traversed in unit of time in the upward direction, 
the man will have risen on the mast to the height BD (equal 
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to AC), at the end of the first minute. The man will there- 
fore be found at the point D. If AB' is made equal to twice 
AB, and B'D' equal to twice AC, he will evidently be found 
at T>' at the end of the second minute. Again, if A6 is 
made equal to half AB, and bd equal to half AC, thus 
corresponding to the motions during half a minute, and 
if any number of points be taken in a similar way, it will 
be seen that he is always on the straight line Ac^DD'. 
Also, since AD is the line traversed during the first 
second, the length of that line represents, on the chosen 
scale, the velocity of the motion, and the number of 
units of length that it contains is the number of feet 
traversed per minute. 

From these considerations we are led to the following 
rule for finding the resultant of two given velocities 
simultaneously communicated to a body. From a chosen 
point draw lines in the direction of the given velocities, 
and cut off, on a/ny convenient scale, lengths to represent 
the velocities of the component motions. On the lines thus 
cut off, construct a pa/rallelogram, and draw the diagonal 
of the parallelogram through the chosen point. This dia- 
gonal will represent the resultant velocity both in magni- 
tude and in direction. 

The length and direction of the diagonal may be deter- 
mined by trigonometrical calculation, or by practical 
construction. The latter method is recommended to the 
beginner till he is thoroughly familiar with it. 

Example, — A ball, rolling at 20 feet per second along a 
smooth horizontal floor, is struck at a certain point in a 
direction inclined at 60® to its original line. The commimi- 
cated velocity is 15 feet per second, find the resultant mo- 
tion. Let OX be the original line, and A the point at which 
the ball is struck. Take -^^ of an inch for the scale * of the 

' * The student is advised to construct a diagram for himself in 
accordance with the instructions in the text, or else on a larger 
scale, taking perhaps ^ of an inch to represent a velocity o? 1 
foot per second. The angles may be laid off by means of a pro- 
tractor or ;9cale of chords. 
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Fig. 4. 



diagram, cut off AB 20 twentieths, make CAB an angle 

of 60®, take AC 16 twentieths of an inch, complete the 

parallelogram, and draw 

AD. The angle DAB 

made by AD with AB 

gives the direction in 

which the ball moves 

from the point A. 

Measuring it we find it 

to be 24 J° very nearly; 

thus the ball moves off 

from A in a line inclined 

at 24 J® to its onginal line of motion. Measuring the length 

of AD in twentieths of an inch, we find the velocity of the 

ball after leaving A to be 30*4 feet per second.* 

14. Besolation of Velocities is the converse of the 
problem of composition of velocities. The object is to 
find components in ^vew directions whose combined motion 
would be equivalent to the given motion. 

Exa/mpU, — A body is moving with uniform velocity, 20 
feet per second, up a plane inclined to the horizon at 16°. 
It is required to find the rate at which it is rising verti- 
cally from the horizontal plane. 

Draw AX and AY horizontal and vertical. From 
A draw AD, making an 
angle of 16° with AB; cut 
off AD one inch long (20 
twentieths). Through D draw 
DB and DC vertical and hori- 
zontal respectively. Measur- 
ing AC, ^'^ twentieths, we 
find that the body is rising from the horizontal plane 
at 5*5 feet per second; and if it be also required to 




Fig. 5. 



* Trigonometrical solution. Let P and Q represent the com- 
ponents and R the resultant; and let % be ^e inclination of the 
fine of Q to that of P. Then R^ =P« + Q« + 2PQ cos i. Let » be 

P *t* Q cos i 

the inclination of the line of R to that of P; cos «= -^j . 
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find the rate at which it is moving in the horizontal 
direction, we can do so by measuring AB, when we find it 
to represent a velocity of 19*2 feet per second on the same 
scale.* 

15. Acceleration. — We have considered a variable 
velocity, and we are, now to consider the rate at which 
the velocity varies. For example, of two motions, each 
getting faster and faster, the velocity of the one may be 
increasing rapidly, that of the other but slowly. The 
rate at which the velocity/ of a moving point increases is 
called its acceleration. Thus, if a body is moving at a 
certain instant at 10 feet per second, and if one second 
later it is found moving at 11 feet per second, and 
another second later at 12 feet per second, the accelera- 
tion is said to be one foot per second gained per second. 

Acceleration may be uniform or variable. A velocity 
may receive equal increments in equal times, or the 
increments of velocity received in equal times may be 
unequal. In the former case, the acceleration is meas- 
ured by the quotient obtained on dividing the whole in- 
crement of velocity during any time by the time during 
which that increment of velocity is acquired; in the latter, 
just as in the case of measuring variable velocity, we 
consider the average acceleration; and when it is required 
to consider the acceleration of the moving point at any 
particular instant, or at any particular point in the path, 
we do so by considering the average acceleration for a 
very small space about that point, and we thus make our 
average agree as closely as need be with the true accelera- 
tion at the point. 

The speed of the moving point may be decreasing 
instead of increasing : for example, when a curling stone 
on smooth ice gradually comes to rest. The term ac- 
celeration, however, by a convenient extension, is made 

* When the student understands the method thoroughly, it 
will be unnecessary for him to make the whole construction 
here indicated. The construction and measurement of the 
triangle DAB will evidently give all the required information. 
See Art. 26, Triangle of Forces. 
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to include both acceleration proper and retardation. The 
latter is spoken of as negative acceleration, and, algebrai- 
cally, it is represented by a number or symbol preceded by 
a negative sign.* Further, the name acceleration is very 
conveniently extended to include cases in which, though 
the speed of the motion is unaltered, the velocity is 
altered as to the direction. 

The question of velocity does not belong, properly 
speaking, to dynamics. It belongs rather to a branch of 
pure mathematics, to which the name kinematics was given 
by Ampere. Kinematics considers motion itself quite 
irrespectively of how it may be produced. It is only 
when we come to speak of the production of motion 
by force that the laws and principles of dynamics are 
introduced. For example, we may consider equally the 
velocity and the path of a ball rolling on a horizontal 
plane, and of the shadow of some round object moving 
above the plane, which has the sunlight falling upon it. 
In the one case we may subsequently have to consider 
the forces that produce the motion in question, but we 
have, so far as the motion itself is concerned, nothing 
whatever to do with forces. In the latter case, we con- 
sider the laws of motion just as in the former, but here, 
neither directly nor indirectly, does the notion of force 
ever enter. In both cases, so far as mere motion is con- 
cerned, the question is purely kinematic. 

As examples of motion with velocity that is varying, 
we shall have the cases of falling bodies, and of pendulum 
motion. These are the two most important cases of 
accelerated motion. In the one, the motion is accelerated 
uniformly; in the other, the law of acceleration is that of 
all ordinary vibratory motions. 

16. Quantity of Motion, or Momentum. — The quantity 

of motion or momentum that a rigid body, moving with- 
out rotation, possesses is proportional to the velocity of 
the body; and of two bodies moving with equal velocities, 
that which has the greater mass has proportionally the 
greater momentum. The quantity of motion, therefore, 
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if we take as unit of momentum the momentum of unit 
mass moving with unit velocity, is measured by the 
product of the numbers that express the mass and the 
velocity of the body. Thus, a body whose* mass is 20 lbs., 
moving at the rate of 10 feet per second, has momentum 
equal to 200; and, in general, if m be the mass of the 
body, and v its velocity, the momentum is equal to the 
product mv. There is no name given to the unit of mo- 
mentum or quantity of motion. 

We now pass to consider the effect of forces applied to 
a material particle free to move. 



CHAPTER 11. 

FORCE. 

17. Force, the first idea of which we get from our 
"muscular sense," exhibits its effects, and may be observed 
in various ways. The tendency of force acting on a body 
at rest is to put the body on which it acts in motion; 
and it does communicate motion to the body if the body 
is free to move. If there are other forces acting on the 
body, motion may be prevented, or, as in the case of a 
body that is fixed, forces may be called into play as soon 
as a new force begins to act, which neutralise the efiect 
of the new force. A pressure or a pull may be ex- 
perienced without any motion taking place, as when the 
safety valve of a boiler is held down, or when a spring 
or cord is held stretched by the hand. 

Statics is the branch of dynamics that deals with 
systems of force so arranged as to be in equilibrium: 
Kinetica is the branch of dynamics that deals with the 
motion of bodies under systems of force. 

18. Accelerative Effect of a Constant Force. — A 

body, then, that is free to move, and acted on by a 
single force, will move off from rest, and it will move in 
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the direction in which the force acts. If the force con- 
tinues acting, the motion will become more and more 
rapid, and if, as we have supposed, the force is constant, 
the motion will be uniformly accelerated, equal incre- 
ments of velocity being acquired in equal times. The most 
important case of constant, or very approximately constant 
force, is gravity. The force of gravity is, as we shall see 
hereafter, so nearly constant for places neai* to the earth's 
surface, that falling bodies may be taken as examples of 
motion under constant force. A stone let fall from rest 
moves off at first very slowly. During the first tenth of 
a second the velocity is very small. In one second the stone 
has acquired a velocity of 32 feet per second. At the end 
of the next second, an additional velocity of 32 feet per 
second has been added, so that the total velocity is then 
64 feet per second. At the end of the third second, the 
velocity is 96 feet per second. Here the force acting is 
the weight or gravity of the stone. 

When the body is in motion to begin with, and the 
force acts in the line in which the body is moving, the 
effect of the force in generating velocity is the same as 
if the body were at rest at the commencement. The 
velocity generated by the force is simply added to that 
which the body possesses, if the force acts in the direc- 
tion of the original velocity, or subtracted if the force acts 
in the direction opposite to that of the original velocity. 

For example, if a stone is projected vertically down- 
wards from a certain point, the velocity is gradually 
accelerated, and increases uniformly, receiving increments 
at the rate of 32 feet per second of velocity gained per 
second; precisely as if the body had been allowed to fall 
from rest. In the case of a stone projected vertically 
upwards, the action of the force simply diminishes the 
velocity of projection, and 32 feet per second of velocity 
is lost per second, till at last the stone comes to rest at 
the top of the course, and then commences to descend. 
When the original velocity is not in the same line with 
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that of the force, the path of the body will be curved. 
This case we cannot consider here. 

The quantity of motion generated in a given time is 
proportional to the intensity of the force. If a certain 
constant force, acting for a second on a given mass, 
produces a velocity of 10 feet per second, a double force 
will produce a velocity of 20 feet per second, in one 
second, and a triple force a velocity of 30 feet. Again, 
remembering what has been explained as to the measure- 
ment of quantities of motion, if a given force, acting for 
one second, gives to a mass of one pound a velocity of 10 
feet per second, a double force acting for the same time 
on a mass of two pounds will give it a velocity of 10 feet 
per second, and a triple force, an equal velocity to a 
mass of three pounds. * From this, and from what has 
been stated above, it follows that the velocity produced 
by a given force in a given time is directly proportional 
to the magnitude of the force, directly proportional to the 
time during which the force acts, and inversely propor- 
tional to the mass of the body. This may be expressed 
by a formula in the following way : — Let F be the nume- 
rical measure of the force, that is, since we have not yet 
explained how forces are measured, a number proportional 
to the magnitude of the force on any system of measure- 
ment whatever, t Let t be the time during which it acts 
on a mass equal to m, then v being the velocity generated — ^ 

F 

V is proportional to — x ^ 

The explanations that have just been given are summed 
up in the first two of Newton^s celebrated Axioinata sive 
Leges MotHs, 

19. Laws of Motion. — Law I. — Every body continues 

* Bodies of great mass and bodies of small mass fall equally 
fast, because as the mass increases, the force of gravity upon the 
mass increases in the same proportion. 

+ It may be in terms of some quite arbitrary unit; — the force 
exerted by an arbitrarily chosen spiral spring when pulled out 
one foot, lor instance. 
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in its state of rest or of uniforrth nwtion in a straight line, 
except in so far as it may he compelled by applied forces to 
change that state. 

Matter thus oflfers resistance to foi'ces applied to change 
its state as to rest or motion. It is this resistance that 
is experienced when we attempt to open a "heavy"* 
door quickly, or to stop it suddenly when it is swinging 
on its hinges. Inertia is the name given to the property 
of matter by which it resists forces tending to change its 
state as to rest or motion. 

Law II. — Change of motion is proportional to the 
force applied, and takes plaice in the direction in which 
the force OAits, 

This law includes both the case that we have just been 
considering, and also that in which force acts in such a 
way as to alter the direction of motion. In the latter 
case, the velocity generated by the force in the line of its 
action compounded, according to the principles of com- 
position of velocities explained above, with the velocity 
that the body already possesses, gives motion to the 
body in a new line. We cannot enter into this subject 
here in detail. A particular example of great importance 
will be considered under the name Uniform Circular 
Motion, Chap. VII. 

20. Elements required for the Specification of a Force; 

— ^The elements required to specify a force, that is, the 
elements that must be known before we can form a clear 
idea of the force, and calculate its eflfects, are three: — (1) 
The place of application of the force, (2) the direction of 
the force, and (3) its magnitude. 

1. The place of application of a force. — ^Wemaycon- 

* The word "heavy," though universally employed, is plainly 
not scientifically appropriate. The gravity of the door is borne 
entirely on the hinges, and the resistance spoken of is not due to 
gravity, except indirectly, in so far as friction of the hinges may 
add to it. In the case of stopping a door which is swinging, 
the gravity of the door does not affect the resistance experienced 
even indirectly. ** Massive" would be quite appropriate^ b^t»^ 
with our present usages, would frequently ^wrcA^^&rws^K^* 
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sidter, first, the case of a force applied at a poiat. This 
case, though we cannot actually obtain or handle a particle 
of infinitely small dimensions, and have no case of a force 
applied in a single mathematical line, is nevertheless prac- 
tically realised in many cases. For example, it is realised 

in the case where a heavy 
baU is hungup bya string; 
or, as in the figiu'e, when 
the ball is hung up by a 
string, and pulled aside 
by another string attached 
to a point in it. The 
forces applied here by the 
strings are practically the 
same as if the ball were 
a mathematical point, 
endued with heaviness, 
and held in its position by 
forces applied in mathe- 
matical Imes. The dimen- 
sions of the strings have, 
in fact, nothing to do with 
the question of the forces 
that they transmit. It is merely the property of the string 
by which it transmits the force in a straight line from 
point to point along its length that is considered. 

The next case is that in which force is distributed over 
an area. The pressure of the steam' on the piston of a 
steam engine is an important example. Here when we 
consider the direction of the force, we must observe 
whether it is applied normally to the surface or not; and 
when we consider the amount of the force, we must 
reckon it in terms of the amount of force applied per 
unit of area. 

Lastly, we may have a force applied throughout tho 
whole mass of a body. Thus gravity acts on every par- 
ticle of each body. By means of the connections of the 
particles of a rigid body, the forces on the several par- 



Fig. 6. 
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tides are transmitted from point to point, and it is thus 
that, while the force of gravity is really applied to the 
excessively minute particles of which a rigid body is com- 
posed, we are able to observe the heaviness of the body, 
taken as a whole. 

2. Direction of a Force. — When the force is applied 
to a point, the direction of the force is that in which the 
force tends to move the point. In the case of a force 
applied to a surface, or distributed through a body of 
three dimensions, we may often find a line parallel to 
which all the forces, applied to the various points of the 
surface or solid body, act. For example, the pressure of 
steam on a plane surface is perpendicular to the surfa<» 
at every point of it. The forces of giuvity on the particles 
of a soHd body, such as a stone, or a mass of lead, are all 
sensibly parallel, and in the direction indicated by the 
plumb-line at the place where the body is. 

3. The Magnitude of a Force, — To specify the magni- 
tude of a force, a unit for measuring forces is required; 
and, the unit being fixed on, the magnitude of the force 
is then stated by a numerical reference to it, as in all 
other cases of the measuring of quantities. We now 
proceed to explain the principle on which forces are 
measured. 

21. Measurement of Forces. — For purposes where 

simplicity and ease of application are essential, we have 
a very convenient way of measuring forces by comparing 
them with easily recognised effects of the force of gravity 
on matter. The force to be measured, or to be specified, is 
compared with the weight, or as it is better called gravity ,* 
of some known mass. For example, to measure the ten- 
sion of a string, we may determine the number of pounds 

* The word weight is unfortunately ambiguous, so much so, 
indeed, as to lead to all but universal confusion of ideas. To 
avoid ambiguity, the word mass is used as far as possible for 
expressing one of the meanings attributed to the word weight, 
viz., quantity of matter (see Art. 5), and the word gravity for 
the other, viz., the downward pressure, due to the gravitation, 
of thp moss. 
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whose gravity would correspond to the tension of the 
string; that is, the number of pounds which, if sus- 
pended by the string, would, by their gravity, give a pull 
to the string equal to its actual tension. The pressure 
of steam in a boiler is always reckoned in pounds pres- 
sure per square inch; that is, in terms of the number of 
pounds force per square inch which it would be neces- 
sary to apply to the interior surface of the boiler in order 
to give it the pressure that it has, or the number of 
pounds with which it would be necessary to load a mov- 
able horizontal square inch at the top of the boiler in 
order to keep it in its place against the steam. The 
gravity of a ton may also be made a unit of measure- 
ment; for example, for the measurement of water pres- 
sure against a lock gate; and, on the metrical system, the 
gravity of a gramme, or kilogramme, or French ton, may 
be employed. In some of our statical illustrations we 
shall make use of these units. The system that makes 
the unit of force to be the weight or gravity of unit of 
mass is called the gravitation system. 

This method of measuring forces is, from its ease of 
application, eminently convenient in practice; and, for 
stating results of observations or experiments, it is easily 
understood, owing to our daily experience of the gravity 
of bodies by our sense of force. It must, however, be 
understood and carefully borne in mind that, in all cases 
where exactness and scientific accuracy are required or 
aimed at, it is necessary in making experiments, and in 
stating results in terms of the gravitation unit — that is to 
say, the gravity of a pound or of a gramme — to know aIso, 
and to state, the latitude of the place to which the gravi- 
tation unit that is used applies. Thus it is not sufficient 
to give the measure of the elasticity of a wire in pounds 
force per square inch (see Art. 34); the statement must 
be given in pounds force per square inch at seorhvd at 
Glasgow^ or at sea-levd in latitude 45^, or at some other 
definite place. We shall see, in fact (Art. 36), that the 
force of grsm.tj on a given mass is not invariable. It 
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increases as we go northward or southward from the equa- 
tor; and if a spring balance, graduated in such a way that 
at the equator the gravity of a standard 1 lb. weight would 
draw the index down to the mark 1, and 100 lbs. down 
to the mark 100, were carried to either pole, the gravity 
of the same masses would draw the index down to the 
marks for 1*005 and 100^ respectively. Thus, in going 
from the equator to either pole, this unit of force, the 
gravity of a pound or of a gramme, increases by one-half 
per cent. ; and though such a variation as this is not of 
practical consequence in the measurement of forces, like 
the pressure on a steam boUer, it must be taken into 
account for philosophical purposes, and not only so, 
but for every practical purpose also where our know- 
ledge is exabt to a degree comparable with one -half 
per cent. 

A clear comprehension of this subject is very impor- 
tant. "Want of exactness in ideas as to the principles of 
measurement of forces cannot fail to lead to confusion. 
A careful comparison of the gravitation method, with 
the absolute system to be now described, will assist the 
student in understanding this subject thoroughly. 

22. The Absolute Unit of Force. — ^The absolute unit 
of force, or as it is better named the kinetic unit of force, 
was introduced by Gauss. He defined the absolute unit 
of force to be that force which, acting for unit of time, 
on unit of mass, generates unit of velocity. In all kinetic 
questions this system is by far the most convenient; and, 
if any other system of measurement is adopted, for ex- 
ample the gravitation system, it is necessary practically, 
in considering any kinetic question, to go through the 
process of a preliminary reduction from one system to 
the other. Art. 55. 

The definition that has just been given is a general 
one, and is particularised by referring to fixed units of 
mass, and space, and time. Thus, the British kinetic 
unit of force is defined to be, that force which, applied 
to one pound of matter for one second, g|eneY^tfe'?ikXCL*^'?w 
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velocity of one foot per second. On the metrical system, 
again, the kinetic unit is that force which, acting on 
one gramme for one second, generates in it a velocity of 
one centimetre per second. We may now compare the 
gravitation units with the absolute units of the two 
systems. The force of gravity at Glasgow on a pound 
mass communicates to the pound left free to fall, 32 "2 
feet per second of velocity, in each second during which 
it acts; and, consequently, the gravity of a pound mass 
at Glasgow is 32*2 British kinetic units of force. If the 
pound mass is supported so as not to be allowed to fall, 
the force of gravity on it causes it to act downwards on 
its support with the force of 32*2 of these units. A 
gramme falling freely for one second at Glasgow, acquires 
a velocity of 981*4: centimetres per second; that is, the 
gravity of a gramme, acting on a gramme for one second, 
generates a velocity of 981*4 centimetres per second; 
consequently, the gravity of one gramme is 981*4 of the 
metrical absolute units above defined. Thus, to reduce 
pounds force at the latitude of Glasgow'^ to British kine- 
tic units, we multiply by 32*2 ; to reduce British kinetic 
units to pounds force, divide by 32*2; to reduce grammes 
force to metrical kinetic v/nits, multiply by 981*4 ; to 
reduce metrical kinetic units to grammes force, divide 
by 981*4. From what was said above it will be under- 
stood that a slightly different factor for reduction must 
be used at latitudes different from that of Glasgow, where 
the acceleration due to gravity is, very approximately, 
32*2. It decreases as we go southward, and increases as 
we go northward. See Art. 37. 

An inconvenience that has been much felt in connec- 
tion with the use of this simple and beautiful system is 
the want of names for the kinetic units. This has now 
been done away with. A committee of the British As- 
sociation has lately given the name Dyne to the absolute 
unit on the metrical system. For the British kinetic unit 
the name Foundal, indicating that the pound is the unit 

* Or London (see Art. 37). 
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of mass employed^ lias been introduced by Professor 
James Thomson. 

23. Graphical Bepresentation of Forces. — In disctiS' 

sing problems regarding forces, it is often of great con. 
venience to represent &em graphically; and, in compli- 
cated problems, such for example as the stresses in roofs 
or bridges, " diagrams of forces " are extremely useful. 
A force is specified by stating its point of application, its 
direction, and its magnitude ; and it will at once be per- 
ceived that these are three properties belonging to a 
straight line. A straight line may be made to represent 
a force completely, thus : first, the^oint of application of 
the force may be represented by one of the extremities of 
the straight line; next, the direction of the force may be 
represented by the direction in which the line is drawn; 
and, thirdly, the magnitude of the force may be repre- 
sented by the length of the line. Let the line be drawn 
in the direction of the force, and let the length of the line 
in units of length be made equal to the magnitude of the 
force in units of force; such a line represents the force 
completely. Thus, the diagram represents two forces 
applied to the point A, in diirections, one at right angles 
to the other, and, in magnitude, that represented by A B 
double of that represented by A 0. The arrow head 
placed on the lines A B and A C indicates that the forces 
act from A to B, and from A to tr 
C, and not from B to A or 
to A In drawing a diagram of 
forces it is necessary to choose 
the scale on which the diagram ^ 

is to be constructed. Thus, "^ ~^ ^ 

where the gravity of a pound is Fig. 7. 

the unit of force, if ^^th of an inch be the unit of length, 
a line one inch long represents a force of 10 lbs. just as 
in the diagram of velocities. We now proceed to consider 
the composition of forces. 

24. Composition of Forces.— When two or more forces 
are applied to a single point, it is always poaaibl<5ktKi^ai.^^ 

6* ^ 
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single force whicli would, if it were applied to tlie point, 
have the same effect as the original forces together. Such 
a force is called the Resultant of the original system; and 
the forces of the original system, when considered with 
reference to this single force, equivalent to them, are 
called the Components, The process of finding the result- 
ant of a system of forces is called the Composition of 
Forces; the converse process of finding a number of com- 
ponents equivalent to a given force is called the Resolvr 
tion of Forces, 

When there is a system of forces acting on a single 
particle, and not in equilibrium, we can always find a 
single force which will equilibrate the system. Such a 
force is called the EquUihrant of the system. It is evi- 
dent that the equilihrant is the force equal and opposite to 
the resultant. 

The simplest case of composition of forces that we can 
consider, is the case where two or more forces are applied to 
a point, all in the same line, and acting in the same direc- 
tion. It is evident that the resultant of such a system is 
simply the sum of the forces. For example, if there are 
several men all pulling at the same rope, the pull communi- 
cated by the rope to the object that it is attached to is equal 
in amount to the sum of the forces thus applied to it, the 
rope being straight; and it is in the same line as that of 
the component forces, namely, in the line of the rope. 
Next, if all the forces applied to the point act in one line, 
but some in one direction and some in the opposite direc- 
tion, the resultant is 

equal tothedifierence ^ J ^ -> 

between the sum of 

the forces in one direc- Fig. 8. 

tion and the sum of the forces in the opposite direction, 

and the direction in which it acts is that of the greater of 

the two sums of forces. Thus, in the first case, let there be 

applied to the point A forces of P = 10 lbs., and P' = 15 lbs., 

and P" = 20 lbs., all acting in the same line, AB, and in the 

same direction^ the resultant is equal to P + P' + P" ; or, 
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putting in numbers for P,P',F', to 45 lbs., and it acts 
towards B. As an example of the second case, P and P', 
equal respectively 
to pressures of 10 -; — Z ^- ^ ^ 



and 15 pounds, are 

applied to A in the Fig. 9. 

direction AB; while F'( = 20 lbs.) is applied to A in 

the same line, but acting towards 0. The resultant is 

equal to P + P' - P", or, putting in numbers, to 5 lbs., and 

acts in the same direction with P and P', that is, from 

AtoB. 

When all the forces are acting in the same direction 
we obtain, as we have seen, a resultant which is numeri- 
cally equal to the sum of the forces, and which acts in 
the same direction as the components. But in the second 
case, when, some of the forces act in one direction, and 
others in the opposite direction, it may happen that, on 
subtracting the number that expresses the sum of the 
forces in one direction from that of those which act in 
the opposite direction, the result may be zero. In that 
case there is no resultant; or, in other words, the forces 
acting in one direction equilibrate those that act in the 
opposite direction. 

25. Parallelogram of Forces. — ^The next case to be 
considered is that in which two C 
forces are applied to a point in 
different lines. Thus, let A be 
a point at which two forces, P 
and Q, acting in the lines A B 
and A C are applied; and let it ^ 
be required to find their result- Pig. 10. 

ant. The resultant is found by means of the ParaUehgrcmi 
of Forces, The following is the statement of this proposi- 
tion, one of the most important in the whole science of 
dynamics. Let the forces be represented by straight lines 
in the way that has just been explained. Thus, the direc- 
tion of the line A B is the direction of the force P^ and 
tlii^t of -4 C is t^^ direction of Q*, -wloW^ ^iJaft\e^^5cL ^^l*^*^ 
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line AB bears the same ratio to the length of the line AC 
that the magnitude of the force P bears to that of the force 
Q. Then, if on the lines A B and AG a parallelogram, 
A B D C, is constructed, and the diagonal, A D, dravm, 
AD wiU represent, in direction and in magnitude, the 
resultant of the two forces P and Q. The proposition of 
the parallelogram of forces may be proved in various 
ways. More than one strict mathematical demonstration 
of it, based on the assumption of certain simple axioms, 
have been given. It may also be proved experimentally 
in the following way : — 

Let H and K be two pulleys, carefully mounted so as 
to avoid friction as far as possible, and fixed to a vertical 
board. Take three cords of fine silk, so as to have per- 
fect, or nearly perfect, flexibility, and let them be knotted 

jc together at O. Let two of them, 
passing over the pulleys A and B, 
carry the weights P and Q, and 
the third the weight R, as in 
the diagram. Let the system be 
abandoned to itself; it will take 
up a certain position of equi- 
librium; and let us examine the 
relations between the forces con- 
cerned and their directions. It 
will be observed that the force 
due to the gravity of R, acting 
in the line OR, equilibrates the resultant of the forces 
P and Q in the lines OH and OK. On OH and OK 
take lengths OA and OB equal numerically to the forces 
P and Q; and construct the parallelogram OADB. Draw 
the diagonal OD. It will be found, on trial, that the 
direction of OD is in the same straight line with the line 
OR, and that the length of OD is numerically equal to 
R. A force, therefore, represented by OD would equi- 
librate the force R; and thus, since R is actually equili- 
brated by P and Q, OD evidently represents the result- 
ant of the forces P and Q. 
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By means of the parallelograni of forces, we can always 
determine the magnitude and the direction of the resultant 
of two forces with the help of a diagram, just as with the 
parallelogram of velocities. Thus, if it be required to 
find the magnitude and direction of two forces of 25 lbs. 
and 17 lbs. respectively, applied to a point at an angle of 
36**, we proceed as follows : — Let us take the scale of our 
diagram, so that a force of one pound is represented by 
one-twentieth of an inch. Then, drawing by the ordinary 
methods from a point y 
A two lines AB, AC, j/-- ^^----.^d 

inclined to each other /^ ^--'-'''^''^^'' 

at 36°, cut off on one ot y^ ^^^^..---^•^''^'^ y^ 

the lines AB twenty- ^^^^^-^"""""^ y^ 

five twentieths of an a. b 

inch, and on the other Fig. 12. 

AC seventeen-twentieths of an inch. On these lines con- 
struct the parallelogram ABDC. Draw AD, and measure 
it; measure also the angle DAB. "We find that the magni- 
tude of the resultant is 40*1 lbs., and the angle made by 
the direction of AD with the line AB is 14|°. Such 
diagrams are constructed with great ease, and give results 
with very considerable accuracy. The solution of pro- 
blems by means of them, may be performed very quickly, 
and the student is recommended to make himself very 
familiar with their use. A divided scale, such as a 
footrule divided to tenths of an inch, a very simple pro- 
tractor, or a scale of chords, and a pair of compasses, are 
all that is required for constructing the figures. 

To calculate algebraically the magnitude of the resultant 
of two forces appHed to a point, trigonometrical formulas* 
are generally required. In one or two cases, however, 
the calculation is simple. Thus, in the case where the 
directions of the components are at right angles (see fig. 
10), the parallelogram becomes a rectangle. In that case 
the square of AD is equal to the sum of the squares of 
AB and BD; or the magnitude of the resultant of the 

* See note. Art 13» where the trigonometriQiL«.Qi\»^<^'&.^^S^«^ 
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two forces P and Q is equal to /^(P* + Q*). The case 

where the components are equal, 
and one inclined at 120** to the 
other is equally simple. There 
(fig. 13) the resultant is equal in 
magnitude to either of the com- 
ponents, and its direction bisects 
the angle between them. 

When there are more than two 
forces applied to a point, and it 
is required to find their result- 
ant, all that is necessary to do 
is to apply the parallelogram of 
forces, so as to take in succes- 
sively one of the components after 
another. Thus let three forces 
Pj, Pg, Pg, be applied to A, and 
Fig. 13. let it be required to find their 

resultant in magnitude and in direction. First, construct 
on the lines that represent P^ and Pg a parallelogram^ 

as is done with the dotted lines 
in the diagram, and draw the 
diagonal R'. As we have seen, 
this is the resultant of Pj and 
Pg. Being their resultant, it 
may be used instead of them; 
and, in fact, if Pj and Pg are 
Fig. 14. removed from the system, and 

their resultant substituted for them, the system will 
be imchanged. Now construct a parallelogram on this 
line B' and the line that represents Pg, and draw the 
diagonal. It is plain that it represents in magnitude and 
in direction the resultant of the three forces Pj, Pg, and 
Pg. If there were a greater number of forces, the appli- 
cation of the parallelogram of forces a sufficient number 
of times would at last give us the resultant of the system. 

S6. Besolution of Forces.— When a given force is to 
])e resolved into components in two given directions the 
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method illustrated in Art. 14 is to be employed. Let a 
line AD (fig. 12) be drawn representing the given force 
in magnitude and direction. Let AB and AC be the 
given directions in which it is required to find two com- 
ponents equivalent to AD. Drawing the parallels DB 
and DC, the lines AB and AC thus cut off evidently re- 
present in magnitude the components of AD in the given 
directions. 

27. The Triangle of Forces. — ^Let AB and AC represent 
two forces, P and Q, applied to a point whose resultant or 
equilibrant it is required to find. We construct the paral- 
lelogram ABDC, and draw the diagonal. The line AD 
is the resultant acting from A to D. Consequently also 
DA, representing a force 
equal to the resultant, but 
acting from D to A, is the 
equilibrant. Now, if instead 
of constructing the paral- 
lelogram, we simply draw 
from the point A' a line 
A'B', representing the force 
P in magnitude and in direc- 
tion, and from the point B', 
the extremity of the line 
thus drawn, draw B'D' re- 
presenting the force Q in 
magnitude and in direction, 
then it will be seen, on com- 
paring the equal and similar 
triangles ABD and A'B'D', that the line D'A', whick 
closes the triangle, represents, when taken going round 
the triangle in the same order with A'B' and B'D', the 
equilibrant of the forces P and Q; and, taken in the 
reverse order, that is, from A' to D', it represents their 
resultant. * 

* It must be particularly noticed that the point ol application 
of the forces is not here represented. It is only the r&lativQ 
magnitudes and directions that we are conoernQd m^% 
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This is the principle of the Triangle of Forces. The 
statement of the principle constitutes a proposition which, 
in many cases, simplifies the constructions necessary to 
find the resultant or equilibrant of a given system of 
forces. The statement of the principle is as follows: — 
If two forces applied to a point are represented in magni- 
tude and in direction by two sides of a triangle taken in 
order, the third side of the triangle taken in the same 
order will represent in magnitude and in direction the 
equilibrant of those forces, and taken in reverse order 
will represent their resultant. The principle may also 
be expressed as follows: — 

If three forces^ when applied to a point , are in equili- 
brium, they can be represmted by three sides of a triangle 
taken in order; and, conversely, if three forces are repre- 
sented in magnitude a/nd in direction, by the sides of a tri- 
angle taken in order, they wiM be in equilibriv/m if applied 
to a point. 

27a. The Polygon of Forces. — Let there be any num- 
ber of forces, P^, Pg, Pg, etc., applied to a point, and let 
it be required to find their resultant. This, as we have 
seen (Art. 25), may be done, by applying over and over 
again the construction for the parallelogram of forces. The 
method indicated may be carried out numerically, or by 
the method of practical construction, without any difficulty. 

The resultc^t of any number of forces applied to a 
point may, however, be obtained by means of the polygon 
of forces. Let any number of forces be applied to a point, 
then if they can be represented in magnitude and in 
direction by the sides of a closed polygon taken in order, 
they are in equilibrium; and, if they are in equilibrium, 
they can be represented by the sides of a closed polygon. 
But if they are not in equilibrium, then, drawing in 
order, as in the triangle of forces, lines to represent 
them in magnitude and in direction, it will be found -T 
that the polygon thus formed will not be closed. In that 
case the line that closes the polygon, taken in the same 
order with those of the component forces^ represents ia 
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magnitude and in direction the equilibrant of the system, 
and taken in reverse order represents the resultant of the 
system. These propositions will be easily proved by the 
application either of the parallelogram of forces, or of the 
triangle of forces, so as to combine successively the forces 
of the given system. -» 

The diagram shows the two methods of finding the equi- 
librant E of four forces . -^ 

applied to a point. The ^^ ^-^^"^ y \ 
student will have no diffi- / ^--'''^ / \ 

culty in understanding it a/^~— »=^^ ;-^ 

on comparing it with the / \p""^^^>*^ ^^"' ' ' 
diagram for the triangle •'y V ^^3^^*"^\w / 
of forces, Art. 26. L \^^1 _rr:^5-' 

28. Parallel Forces.— p^ 

We next consider the com- > >^ — y { 

position of two parallel J^ \ 

forces applied to a rigid ^ ^ ^ • 

body; and, in the first ^* 

place, that of two parallel ^,,^^ , « 

forces^ acting in similar k^ ^ * 

directions. Except in a 
single case, which will be ^ig. 16. 

considered hereafter, it is always possible to find the 
resultant of two parallel forces, that is, the force which, 
if applied to the body to which those forces are applied, 
would be equivalent to them; or, on the other hand, to 
find a force, the equal and opposite of the resultant, 
which shall equilibrate them. It is, of course, by means 
of the rigid connections of the body to which the forces 
are applied that the effect of the forces is transmitted, 
and thia,t a single force applied to the rigid body is able 
to counterbalance two or more forces. 

Let there be two forces, P and Q (fig. 17), applied at the 
points A and B, the directions of P and Q being similar, 
it is required to find the resultant of P and Q. Join AB. 
The resuUcmt of two pa/rdUel artd simila/r forces^ P amd Q, 
is a force equal to the sum ofV and Q. It qaU m oiAsct^ 
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parallel to the lines of P and Q, and its line of auction 
cuts tlie line AB in a point C, such that AC : BC : : Q : P, 

or, as it is commonly said, the 
point C divides AB into pa/rts 
inversely proportional to the 
magnitudes of the forces. This 
is the principle of the lever. 
The arms of the lever are 
inversely proportional to the 
forces applied to them if the 
forces are parallel. 

An experimental proof of the 

proposition may be given in the 

Fig. 17. following way: Let A B be a 

very light but strong bar, and let two weights, P and Q, 

be suspended from its extremities. Let a silk cord, 

capable of sliding along the 

bar A B pass over the 

pulley O, and have weights 

attached to its extremity. 

It will be found on trial 

that there is equilibrium 

when the silk cord is at the 

point C, which divides A B 

inversely as P to Q; and 

that the weight R, required 

to counterbalance P and Q, 

^ig- 18i is equal to P + Q, the sum 

of the components. Thus the proposition is established. 

The experimental proof is only interfered with by the 

Iveight of the bar A B. This may be made very small in 

comparison with P, Q, and E,. The effect of it may, 

however, be got rid of altogether by substituting for the 

bar, A B, a board placed on small glass balls or marbles^ 

and, with the aid of pulleys, applying the forces P, Q, 

and B, horizontally. Other forms of experimental 

demonstration may be given; and there are, besideS| 

geometrical methods of proving the propositipo. 
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Taking a numerical example, let lis suppose that the 
light bar, in the figure, is 24 inches long, and that the 
weight P, attached to the extremity A, is 10 lbs., and 
the weight Q, attached to B, is 24 lbs.; then, according 
to the rule, E., which is equal to P + Q, is 34 lbs. ; and 
the point of application, C, of the string that communi- 
cates the eflect of the force E. to the bar A B, is situated 
so that 

10:24::BC :AC. 

From this proportion we get at once 

10 + 24:10 :: BC + AC : BC, 
orBC=ABxi|=TVAB. 

But, as A B is 24 inches, we find that B C = 7*06 inches, 
nearly. 

In finding the resultant of P and Q we have also found 
the equiHbrant of those forces, ^ 

or the force which, if appHed to 
the system, will keep P and Q 
in equilibrium* E. being the 
resultant or equivalent of P and 
Q, a force that will equilibrate 
B, is evidently the equilibrant of 
P and Q. Thus E.', the equili- 
brant, which is represented by A I "A 
the dotted line in the diagram, 
Is equal to the sum P + Q ; it is 
parallel to their lines, but dis- 
similar in direction, and it cuts 
the line AB, in C, inversely as 
the forces P and Q. 

When the two components, 
though parallel, are in dissimilar 
directions, and when they are un- 
equal in magnitude, the method tig. 19. 
of finding the resultant is as follows : Let P and Q (iig» 
20) be applied in lines passing through A and B, and let Q 
be the greater of the two. Through B^ tibi^ y^\x^ ia5^^\cL^ 
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the greater of the components is applied, produce the 
line A B to C, such that 

AB : BC : : Q-P : P. 

The resultant of the forces P and Q is a force equal to 
the difference Q-P, and it is to be applied at the point 
C found as above. Thus the resvMcmt of two unequal, 
diasimilar, paraMel forces is equal to their difference. It is 
parallel to their direction, and it a>cts in a direction similar 
to that of the greater component. Its line of action meets any 
line, drawn a>cro8S their lines and produced through the 
point in which it cuts tlie greater, in a point such that the 
segment of the line between their lines is to the produced 
part as the difference of the two forces is to the smaMer of 

them. Thus A £ is a line 
12 inches long; the force 
applied at A is 6 lbs., that 
at B, 10 lbs., and the forces 
"^ are parallel but dissimilar. 
The resultant is a force of 
4 lbs.; it acts in the same 
direction as the force 10 lbs. 
applied at £; and it passes 
through the point in the 
line A B produced through 
Kg. 20. B, the position of C being 

such that 

AB : BC : : 4 : 6 

Thus B C =^^= 18 inches. 

To prove this proposition it is only necessary to 
observe, that if we have three forces iii equilibrium, any 
one of them may be considered as equilibrating the other 
two; and that, if we have three forces in equilibrium, a 
force equal in magnitude and opposite in direction to any 
one of the three, may be taken as the resultant of the 
other two. Now we have just seen that three parallel 
forces, P, Q, and K' (fig. 21), equilibrate if Q is equal to 
P-f B^ and parallel to those forceS; but dissimilar in 
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direction, and if the three forces are applied at points 
A, B, C, such that 

P : R' 

If, then, we take a force 
E, equal and opposite to K' 
this must be the resultant 
of the forces of which R' 
is the equilibrant. Thus 
the proposition is proved. 

Lastly, when there are 
more than two parallel 
forces, we can find the re- 
sultant by successive appli- 
cations of the propositions 
that have just been stated. Fig. 21. 

We must find the resultant first of two of the components, 
then the resultant of this newly found force with the third 
of the components, and so on, till all the components 
have been introduced. The force that is found as the 
resultant of the last component, and of the resultant of 
all the components except that one, is the resultant of the 
system. 

On carrying out this process with regard to a given 
system, it may be found that the forces of the system are 
in equilibrium. This will be the case if the resultant of 
all the components but one is equal and opposite, not 
merely dissimilar in direction, to the last component. 
It will be seen that when there is equilibrium among 
the forces we must have the sum of all the forces acting 
in one direction equal to the sum of all the forces acting 
in the opposite direction; or, calling those that act in 
one direction positive, and those that act in the opposite 
direction negative, we must have the algebraic sum of 
the components equal to zero. 

When the algebraic sum is zero, we must next find, 
first, the line of application of the resultant B of the sets 
of forces acting in one direction, then the line of appli- 
cation of the resvdtant, R', of all the forcea ^jc.t.vsy^SBSL^'^aa 
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opposite direction; then, if these lines coincide, the foi^ces 
in the system will be in equilibrium. If the lines* do not 
coincide the forces will not balance. The resultant, 
nevertheless, will not be a force. It will be a couple. 
Cases such as this we now proceed to consider. 

29. Couples. — The case, to which we referred at tho 
beginning of Art. 28, in which a single resultant cannot bo 
found for two parallel forces, is that in which the forces 
are equal and dissimilar in direction hut not opposite. It 
is evident that, in this case, the rule given above for find- 
ing the resultant of two parallel and dissimilar forces 
does not apply. Two forces that are equal, parallel, 
and dissimilar in direction form a system called a 
couple. Such a system, acting on a rigid body, cannot 
be equilibrated by the application of any single force to 
the body. 

When a couple is applied to a rigid body it tends to 
make it rotate. It has no tendency to give it any motion 
of translation, but simply to make it turn round about a 
certain axis, whose position depends on the form of the 
body. The direction in which the couple tends to make 
the body rotate depends on the arrangement of the forces 
of the couple. In the figure the couple represented as (a), 
applied to a rigid body, would evidently tend to make it 
rotate in the direction of the hands of a watch face up- 
ward. The couple (6) would make it rotate in the direc- 
tion opposite to that of the hands of the watch. A couple 
is said to be positive or negative according to the direc- 
tion in which it tends to rotate any body to which it is 

applied. It is, of course, a matter 
of indifference which direction is 
chosen to be positive, the choice 
being made quite arbitrarily: 
but one direction having been 
fixed on as the positive direction, 
every couple that would have a 
similar effect is said to be posi- 
tivc) and ever^ conplo that wpuld have tho opposite 
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effect as regards rotation is called negative. Thus, if a 
couple similar to (b) is called positive, which is very com- 
monly done, a couple similar to (a) is negative. 

In the theory of couples, the perpendicular distance 
between the lines of the forces, that is, the line AB in the 
diagram, is called the arm of the couple. The moment of 
the couple is a number that measures its value and expresses 
its importance (moment) in produc- 
ing rotation. It is the number ^ 
found by multiplying together the 
number that expresses the length of ^ 
the arm, and that which expresses 
the magnitude of the force that is 
acting. Thus, if P is 6 lbs., AB 
3 feet, the moment of the couple is Fig. 23. 

equal to 18 — the pound-force and the foot being the 
units of force and length.* 

A couple cannot, as has been said above, be balanced 
by a single force. It can only be equilibrated by an 
equal and opposite couple. Two couples are said to be 
equal when their moments are equal. Thus, two opposite 
couples of equal moment balance each other. The fol- 
lowing are the laws of the action of couples when in 
equilibrium : — 

1. Two couples of equal moment and opposite in direc- 
tion, applied to a rigid body, are in equilibrium when 
they are in the same plane, or in parallel planes. 

2. If two couples act on a rigid body in planes that are 
not parallel, they may be equilibrated by a single couple. 
The equilibrating couple is found not to be in the plane 
of either of the original couples. 

3. When, in the same plane, there is a force applied 
at a certain point, and also a couple, the system is found 
to be equivalent to a single force parallel to, and of the 

* Other measures of moment of couples may, of course, be 
used, as grammes -force and centimetres, or British kinetio 
units of force and feet, or again kinetic metrical units (dynes) 
and centimetr?^, ^ 
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same magnitude with, the original force, but applied at a 
different point of the plane. 

4. When there is a force acting in a line that cuts, not 
normally, the plane of a couple, the system is equivalent 
to a smaller couple in a plane perpendicular to the line 
of the force, and a force, equal to the original force, in 
a line parallel to, but not coincident with, the line of the 
original force. 

The effect of couples in producing rotation of rigid 
bodies we are not prepared to consider here. 

30. The Moment of a Force. — Let A B be a line 

representing a foi-ce P. Let O be the point in which 
an axis, perpendicular to the plane of the paper, cuts the 
plane of the paper. From O let a line, O M, be drawn 
perpendicular to A B, and let M be numerically equal 
to p. The product of P, which expresses the magnitude 

of the force, and p, which expresses the 
length of the perpendicular, is called the 
moment of the force P about the axis 
through O. Thus, the moment of a force 
about a given aads is the product of the 
nurnbera which express, respectively, the 
magnitude of the force, and the perperi- 
dimlar distance between tIkA line of ilia 
force and the given axis. When there are more forces 
than one in the same plane to be considered, the moment 
of the forces about a point in their plane is often spoken 
of. The moment of a force about a point is the product of 
the magnitude of the force, and the length of the perpen- 
dicular from the point on its direction. The moment of a 
force about a point, or about an axis, is said to be positive 
or negative according to the direction in which the force 
would tend to turn or carry the body to which it is applied 
round the point or axis; and, as in the case of couples, 
one direction being arbitrarily chosen as positive, the other 
is taken as negative. Thus, let there be a body to which 
the three forces P, P', and P'', are applied in the direc- 
tions shown in the diagram. P and P', it will be seen, 
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tend to turn the body round the point O, or round an axis 

passing through O and perpendicular to the plane of the 

diagram, in the direction opposite 

to that of the hands of a watch, 

face upward; while P" tends to 

turn the body in the opposite 

direction. If the moment of P is 

taken as positive, that of P' is 

considered as positive also, and 

that of P' is negative. The positive 

direction is generally taken as that 

contrary to the direction of the 

hands of a watch, face upward. 

The following important proposition is commonly 
referred to as the "principle of moments:** 

If there are any three forces^ in equilibrium, the alge- 
braic sum of the moments of the forces about any point in 
their plane is equal to zero. That is to say, let there be 
three forces in equilibrium; and from any point in their 
plane let perpendiculars on their directions be drawn, and 
let the moments be reckoned positive or negative as ex- 
plained above, then, multiplying each force by the perpendi- 
cular on its direction, and adding algebraically, that is, with 
the proper positive or negative sign prefixed, the sum is zero. 

This proposition may be put in another form, in which 
it will be more convenient 
for us to consider it at 
present. Let there be two 
forces in the same plane, M - 
and their resultant. The h? 
moments of the components 
about any point in the line 
of their resultant are equal 
and opposite. Consider J^rsi 
two parallel forces, P and 
Q, and their resultant K. 
In the line of R take any Fig. 26. 

point 0, and draw M ( =p), N ( == g), pbrpendiculw 
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to P and Q. Since the forces are parallel, the lines O M 
and O N are in one straight line. Now, because R is the 
resultant of P and Q, the line M N is cut in O by the 
line of B, so that 

P : Q : : N : O M 
: I q : p 
Hence, 'Pxp = Qxq; or, the moments of P and Q about 
O are equal, and they are evidently opposite in direction. 
We have taken the case of similar parallel forces. The 
case of dissimilar parallel forces is left to the considera- 
tion of the student. 
^.<\ Next consider two forces, P 

'" .^ and Q, in lines that are not 

parallel, and their resultant, R. 
Let A be the point in which 
the directions of P and Q meet; 
^'■' J» H B ii'"""' and let AB and AD be their 
Fig. 27. lines of action. Let A C be the 

lino of action of their resultant. From any point in AC 
let the perpendiculars OM ( =j») and ON ( = $') be drawn; 
then the statement of the principle of moments is that 

Pi?=Qg. 
Taking A B and A D to represent the magnitudes of the 
forces P and Q, and constructing the parallelogram 
A B C D, find A C the resultant of P and Q ; and from 
C draw C M' and C N' perpendicular to A B and A C. 
Now, by similar figures, 

CM' : CN' : : OM : ON : : i? : g. 
But, because the rectangle under A B and C M' is equal 
to the rectangle under A D and C N', each of these being 
equal to the area of the parallelogram A B C D, we have 
the product A B x C M' numerically equal to A D x C N'. 
Hence since 

AB : AD :: P : Q 
and C M' : C N' up : <?, 
we have 

Pi>=Qg; 
or, the moments of P and Q round equal. 
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The proposition that has just been proved may easily 
be extended to the following general statements : — 

1. The algebraic sum of the moments of any number 
of forces in one plane, about a point in the line of their 
resultant, is equal to zero. 

2. The algebraic sum of the moments of any number 
of forces in one plane, about any point in their plane, 
is equal to the moment of their resultant about the same 
point. 

3. The algebraic sum of the moments of any number 
of forces in one plane, and in equilibrium, about any 
point in their plane, is equal to zero. 

Numerous examples of the application of these prin- 
ciples will be had in the consideration of the statics of 
rigid bodies. For instance, the simplest way of dealing 
with the equilibrium, under any forces, of a lever, such as 
a crow-bar or a pole used for raising a heavy weight, is 
to consider the moments of all the forces concerned, taken 
round the fulcrum or point of support. 

31. Centre of Parallel Forces. — It will be seen 
without difficulty that the method of finding the line of 
application of the resultant of any number of parallel 
forces given above is equally applicable whether the lines 
of the component forces are all in one plane * or not. 
The continued application of the fundamental proposition 
(Art. 10) taking in one component after another will 
finally give the resultant of all the forces. Let A, B, C, D, 
etc., be a number of points of a rigid body that are not 
all in the same plane, at which the parallel forces Pj, Pg, 
Pg, P4, etc., all of which we have taken as similar in 
direction, for simplicity, are applied. To find their result- 
ant we find first, the resultant, E,', of P^ and Pg, next the 
resultant, R'', of E,' and Pg, and so on; and we finally 
obtain R the resultant of the whole system. R, here, is 
the sum of all the forces, it acts in a line parallel to 

* The general problem of the compositjg^.of any forces what- 
ever, not confined to one plane, is too <fiffi<eult to be taken up 
here. 
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the direction of the componeuta, and its line of action 
jiassea through the point 0. Now suppose that,keepiQg 
the points of application and also the magnitudes of the 
forces 



and keeping 
I forces still all par- 
— " i allel, we could 
/ turn them all round 

jj , through any angle, 
P aa is shown hy the 
dotted lines in the 
diagram, it will be 
seen that the result- 
ant of this system 
would still heaforce 
parallel to the com- 
ponents, equal to 
their sum, and, 
further, that it 
would pass through 
the point Oj for, 
Fig. 28. the geometrical con- 

struction by which its line of action is to be found ie 
precisely the same as before. The forces might now be 
turned through any other angle and still the resultant 
would pass through the point 0. 

It will thus be seen that when parallel forces, given as 
to magnitude, ai-e applied, not merely in given Imes, but 
to given points of a rigid body, a point can be found such 
that the resultant of the system tdways passes through 
it, whatever be the direction of the parallel forces. 
The point thus found is called the Centre of the Parallel 
Forcef. 
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CHAPTER III. 

PROPERTIES OF MATTER. 

82. We commonly recognise matter in three states, 
namely, the solid, the liquid, and the gaseous. The name 
fluid is given to either of the latter two states. 

Solids are distinguished from liquids by the permanence 
of the resistance that they offer to forces that tend to 
change their shapes. A solid of given form tends to 
retain that form, and does not show gradual and unlimited 
yielding to distorting forces. Being bent or twisted it 
tends to return to its original configuration; and when 
the forces are removed it resumes that form, unless tlio 
strain has been excessive. The property of a liquid is to 
yield, either at once or else gradually, to forces, however 
smaU, tending to change its shape. Resistance may be 
experienced when the change is made rapidly, or, indeed, 
at any finite rate; but, if the change is made slowly 
enough, a liquid yields to any distorting force, however 
small. 

According to this definition it is permanent rigidity that 
is the distinguishing characteristic of a solid. There aro 
many substances which possess properties making them, 
in some respects, resemble a solid, and, in some respects, 
resemble a liquid. Such bodies are often spoken of as 
semi-solids or semi-fluids, or are called plastic or viscous 
substances. In many cases such bodies really do contain 
a mixture or union of solid and fluid matter. Instances 
of this last condition will be found in moist clay, soft 
mortar, sealing-wax, a bow made from a freshly cut green 
branch of a tree, which on being unstrung does not spring 
quite back to its original form unless very slowly. 

Variations in degree of liquidity, or in apparent approach 
towards the solid from the liquid state, may be illustrated 
by considering such a series as the following; — fix%t»^^^'Ji 
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water or alcohol, which yield perfectly to any forces ap- 
plied to them. Thus, when the finger is moved through 
water, the water moulds itself instantly and exactly to 
the form of the finger; and though, owing to the displace- 
ment of a quantity of the liquid by the finger, upward 
pressure is experienced, yet there is no pressure due to 
want of yielding of the water. !N'ext, consider oil or 
tar, each of which flows but veiy slowly down to a level 
in the vessel in which it is placed. Here a resistance to 
change of shape is experienced ; but the resistance is not 
permanent, for finally the oil or tar sinks down so as to 
take a level surface exactly. Then consider shoemaker's 
wax, some kinds of sealing-wax, and ice. Each of these 
bodies is for most practical purposes a solid, and even a 
brittle solid. A lump of shoemaker's wax, or a bit of 
ice dropped on a hard floor, breaks into a thousand frag- 
ments. Yet each of these bodies yields gradually to forces 
tending to change its shape. A lump of shoemaker's wax 
put down on a table gradually flows down and spreads 
itself over the table. Placed on an inclined plane, it gra- 
dually flows down the incline. The difference between 
wax and ordinary liquids, so far as the property that we 
are considering is concerned, is, that while water spreads 
itself over the table, perhaps, in less than a second, treacle 
in a minute or two, pitch, perhaps, in an hour, shoemaker's 
wax may take weeks or months to do the same. Ice, in 
glaciers, takes years to flow down a few feet of its inclined 
bed, though in laboratory experiments plastic yielding of 
ice may be shown in. a few minutes.* 

Considering, then, that some bodies, at first sight solid 
and brittle, do, when properly tested, yield, though per- 
haps slowly, to forces applied to change their shapes, it 
becomes a question whether many other bodies now called 
solid may not yield gradually, with extreme slowness it 
may be, to forces tending to change their shapes. For in- 
stance, it may be asked whether a wire of copper, or gold, 

* It is not to be supposed that the yielding of the wax and of 
the ice are due to similar properties of the two bodies. 
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01' iron, Lung up for a hundred years, or for a thousand, 
or for a million years, with a weight stretching it, will 
gradually yield and become elongated or not. On this 
subject we have no data whatever. Experiment alone can 
inform us, and the necessary experiments have not as yet 
been commenced. 

33. Divisibility. — The ultimate constitution of matter 
is a subject of extreme interest and importance. It is, 
however, a subject regarding which we have at present 
but little knowledge. One of the first questions to be 
considered is the question of homogeneity. Are there any 
bodies that are perfectly continuous and homogeneous, so 
that dividing a body, a piece of pure metal for example, 
into smaller and smaller parts, all the parts, however 
minute the division, would be still exactly similar? Or, 
on the other hand, is there a limit reached, it may be, 
on dividing a cubic inch of matter millions of millions 
of times, such that one of the minute spaces imagined 
would contain a minute particle entire, or nearly entire, 
while another would contain a number of portions of 
complete particles? We have good reason for supposing 
the latter hypothesis to be the more probable; and the 
size of the lUtimate particles has been estimated at from 
to ^^^^\^^^^ of an inch in diameter.* 



100.000,000 2>poo>ooo,ooo 

That exceedingly minute sub-division of matter can bo 
actually carried on is shown by many experiments. A 
sheet of gold, weighing a single grain, can be beaten out 
into gold leaf sufficient in area to cover a square space 
seven inches in the side. The thickness of the gold leaf 
is then only ^^^^^^ of an inch. In this state the gold 
leaf is translucent, the light that passes through it being 
of a dark green colour. Wollaston made platinum wire 
of no greater diameter than j-o"ofoTo ^^ ^^ inch. This 

* See a paper by Sir William Thomson on Size of Atoms, 
Nature, March 1870. 

Modern naturalists have abandoned the notion of the infinitely 
strong, absolutely rigid, unwearable, atoms of the older specu- 
lators. 



56 THEORETICAL MECHANICS. 

was done by taking a cylinder of silver having a core of 
platinum, and drawing it out to the greatest possible 
extent. The wire thus obtained consisted, just as at 
the beginning, of a platinum core and a sUver coating. 
The silver was then dissolved away with nitric acid, 
and the platinum wire was obtained. Experiments prov- 
ing the great minuteness with which sub-division can be 
practically carried on, may also be made by showing how 
vast an area of ^ white surface may be coloured blue with 
a very minute quantity of a per-salt of iron mixed with 
ferrocyanide of potassium to form Prussian blue; but 
nothing is more striking than to consider that a single 
grain of musk will scent a room for months or years 
without perceptibly losing weight. 

84. Elasticity. — When we attempt to change the 
volume of liquid or gaseous bodies, or either the volume 
or the form of solid bodies, forces must be applied, and 
resistance is experienced; and, when the applied forces 
are removed, the body recovers its original dimensions 
and form exactly, except, when in the case of solids, 
the deformation has been carried too far. Elasticity is 
the property of matter, on account of which bodies resist 
forces tendmg to change their volumes or shapes, and by 
which they recover their original volumes and shapes 
when the distorting forces are removed. 

Liquids and gases possess elasticity of volume. Solid^ 
possess elasticity both of volume and of form. Thus, 
when we try to compress either a liquid or a gas, resist- 
ance is experienced; and when the compressing forces 
are removed, the liquid or gas recovers its original 
volume. The same is experienced in compressing a 
solid, and not only so, but also when we try to bend, 
or twist, or stretch, the solid body; and unless the com- 
pression, bending, torsion, or elongation has been carried 
so far as to surpass what are called the limits of elasticity ^ 
the solid body recovers its volume and its shape as soon 
as the deforming forces are removed. Liquids and gases 
offer no permanent resistance to change of shape, and 
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are said to have no elasticity of form, or rigidity; for, 
although when we attempt to make the change rapidly, 
as when a body is moved through air or through water, 
we do meet with resistance, yet if the change were made 
slowly enough, no resistance would be experienced; and, 
again, when the forces applied to cause the change of 
shape have ceased to act, there is no tendency to return 
to the original shape observable. 

Some bodies are more compressible than others, and 
in the case of solids, the resistance to bending, torsion, 
and elongation is greater in some bodies than in others. 
The numerical measure of the elasticity of the body for 
deformation of any kind is called the modulus of elasticity 
for that kind of deformation. 

In the theory of the elasticity of solids, the words 
strain and stress are universally employed by modem 
writers. A body under any kind of deformation that is 
resisted by elasticity is said to be strained. Strain, how- 
ever, properly defined, meoMcres numerically the amount 
of deformation. Thus in a wire that is stretched, the 
strain is the whole elongation divided by the length of 
the wire; or, in other words, the elongation per unit 
length of the wire. In a body under compression, the 
strain is equal to the whole diminution of volume divided 
by the volume of the body. For example, a wire 10 feet 
long (10 X 12 inches) is drawn out, by stretching, j^^ of 
an inch, required the strain. The strain is equal to 

10 1 

10x12" 400 
or -0025, a number which, it will be observed, is inde- 
pendent of the unit of length. Other kinds of elastic 
strain are measured similarly. Stress is the name given 
to any force or system of forces tending to produce elastic 
strain. Thus, we have a pulling stress which produces 
stretching, or compressing stresses, which may be either 
such pushing forces as might be applied to a bar or 
column to shorten it elastically, or compression a\)^Ufi.<L 



58 THEORETICAL MECHANICS. 

to the solid all round, such as would be expeiienced were 
it immersed in very deep water. Then we have torsional 
stress, which is of the nature of a couple producing tor- 
sion in a bar or wire; and, again, we have cross-bending 
stresses, which consist of couples applied perpendicular to 
the length of a wire, rod, or bar, so as to produce cross- 
bending. The numerical measurement of stress depends 
on the nature of the stress; thus, pulling and compres- 
sing stresses may conveniently be measured in pounds 
force, torsional and cross-bending stresses must necessarily 
be measured in couples. We cannot, however, enter here 
into the details of measurements regarding elasticity. 

The general law of elastic forces is the celebrated law 
of Hooke, Ut Tensio sic Vis, which, translated into 
modem phraseology, stands thus: The Strain is propor- 
tional to the Stress that pi'oduces it. This law is found 
by experiment to hold with great exactness so long as 
the strain is not so great that the limit of elasticity is 
too closely approached. When a solid mass of metal is 
hammered, or when a copper wire is very much stretched, 
as is done by bell-hangers before such a wire is put up, 
the metal that has been hammered is left permanently 
compressed, and the wire that has been stretched is left 
permanently elongated. Here the limits of elasticity have 
been surpassed, and the original state is not resumed on 
the removal of the compressing or stretching forces. 
To such cases Hooke's law does not apply; but in cases 
where the original form and volume are resumed on the 
removal of the stresses, it is generally very exactly obeyed. 

The modulus of elasticity, for a given body or sub- 
stance, is a number which expresses the resistance ex- 
perienced when the body is strained with the particular 
kind of strain to which the modulus applies. Thus, we 
may have the modulus of elasticity for torsion or for 
stretching for a particular wire. Or, again, we may have 
to consider the modulus of elasticity for the stretching of 
steel wire or of copper wire in general. In the latter 
case we should have a number expressing the average of 
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numerous experimental determinations of moduli of elas- 
ticity for wires of steel or of copper. In this case the 
modulus would be stated for a bar or wire of unit sectional 
area. Such a number is often called the specific modulus 
for the substance. 

The modulus of elasticity for any particular kind of 
elastic strain is the number that expresses the stress that 
would be required to produce unit strain.* It is found 
experimentally by determining the stress required to 
produce a particular amount of strain, and dividing the 
stress by the strain it produces. 

Exa/mple, — ^A piece of wire 10 feet long is drawn out ^ 
of an inch by a weight of 28 lbs. ; required the modulus 
of elasticity for that particular wire. Here the strain is 

_ 1 

~406' 

the stress is 28 lbs. The modulus of elasticity for this 
wire is therefore 

28 

1 
400 

or 11, 2 00 pounds force of the place of experiment (Art. 21). 
Conversely, given that the modulus of elasticity for a 

* Though the modulus of elasticity is said to be numerically 
equal to the stress that would produce unit strain, it must 
be understood that to produce unit of strain, that is, to draw 
one foot out to a length of two feet, would be going far beyond 
the limits of elasticity of any known solid. The amount of strain 
that can be produced without giving permanent deformation 
diflfers very much with diflferent materials, and with the kind of 
strain. In some cases a strain of y^ may be given without ap- 
proaching too closely the limit of elasticity; but in many others 
one-tenth of this strain, or less, would produce a permanent de- 
formation or fracture. 

The student is cautioned against a common statement that 
the modulus for elongation or compression of a bar is numerically 
equal to the stress that would draw the bar out to double its 
length, or would redtice Us length to one half. Such a definition is 
impei^ect without the explanations here given; and if it be used at 
all the last clause should be, **or would reduce its lenqth to lax^V 
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specimen of steel wire is 11,200 poiinds weight, let it lie 
requii'ed to find the elongation produced in a wire 30 feet 
long by hanging on it a veight of 40 lbs. The strain 
is, according to the law of elasticity stated above, pro- 
portional to the stresa. Let e be the total elongation in 



es, then ^ 



g is the strain; and we have, 



^^.i= = 40 = n,=oo 


e-20.12.40_96_6„j^i„^j^ 


n,200 112 7 


35. CompreBBibility.— All solids, liquids, and gases. 
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works. By screwing the piston forward very great pres- 
sure can be obtained. The liquid whose compressibility 
is to be tested is put into the bulb C; and a small column 
of mercury I, moving in the tube connected with the bulb, 
forms an index. The bulb containing the liquid being 
put into the pressure apparatus, pressure of the piston is 
applied, and the mercury index is seen to move down the 
tube. A scale attached gives the amount of diminution 
of volume. Observing the apparent diminution, and cor- 
recting for the contraction of the glass bulb itself under 
the pressure, the absolute diminution of volume of the 
liquid is obtained. The pressure is determined by means 
of the air-gauge shown to the left of the bulb tube. 

According to recent experiments, the compressibility of 
water at temperature 16° C. is about 46 millionths of its 
volume for one atmosphere. Alcohol and ether are more 
compressible than water; mercury is much less so. 

Gases are far more compressible than liquids. The law 
of their compressibility is know under the name of 
Boyle's law. 

The resistances offered by solids to forces of stretching, 
bending, and torsion, are very different with different 
materials. Numerical determinations of elasticity have 
been experimentally made for most of the important 
metals and for some kinds of wood, chiefly for practical 
uses in forming structures. 



CHAPTER IV. 

GEAVITATION — ^TERRESTRIAL GRAVITY. 

86. Gravitation. — Every piece of matter attracts every 
other piece of matter. That is to say, any two pieces 
pf matter have s^ tendency to approach e^h other ^ QhW^.^ 
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in oixler to keep them separate, opposing forces on 
the two are required. Gravitatimi is the name given 
to this force of attraction.* In many cases this force 
is so small that delicate experiments are necessary to 
prove that it exists; but, in others, gravitation pre- 
sents itself directly to our senses. Thus, the heaviness 
of bodies is due to gravitation. A stone held in the 
hand is felt to be heavy; we feel that force must be 
applied by the hand to keep the stone from falling. The 
force is transmitted through the body, and as the feet 
press against the earth in one direction, and the hand 
presses against the stone in the opposite direction, the 
earth and the stone are prevented from approaching each 
other. All the particles of the stone and of the earth are 
attracted or drawn towards each other; and, if we leave 
out of account for the present the effect of the centri- 
fugal force of the stone, due to its daily rotation round 
the axis of the earth, which will be considered almost 
immediately, we may say that the opposite forces ap- 
plied are those required to counterbalance the aggregate 
of all the minute forces between the particles of the 
stone and those of the earth. If the stone is let go, 
the force of gravitation sets it into motion towards the 

* We recognise attractive forces of several diflferent kinds. 
Thus, we have attraction between two dissimilarly electriiled 
bodies, attraction between magnetised bodies, attraction between 
two conductors, such as two copper wires, each of which has a 
current of electricity flowing through it, and again we have the 
attraction of chemical affinity. Lastly, we have the attraction 
between any two masses of matter belonging without distinction 
to all kinds of matter. To this the name gravitation is given. 

There has been even among the best writers on dynamics and 
on astronomy considerable variation in the usage of the words 
gravitation, gravity, weigJU, The word gravity is here taken to 
mean the observed downward force on any mass — what is some- 
times called apparent gravity. It is the resultant of gravitational 
attraction, and the so-called centrifugal force as is explained in 
the text: and terrestrial gravity on a given mass, except at the 
poles, is always less than the gi'avitational attraction. 
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earth, and it falls downwards, or more strictly the stone 
and the earth fall each towards the other. Again, it is 
gi'avitational attraction that keeps the moon movinj 

round the earth in a curved orbit. < — ^u 

Were this force at any moment to 

cease acting, the moon would move ^' 

on in a straight line, the tangent to 

its path at that instant, as shown in 

the figure. As it is, however, the 

moon, subject to attraction, moves in 

such a way that she describes a path C^ 

round the earth which is nearly cir- Fig. 30. 

cular. Similar remarks apply to the motion of the eai-th 

round the sun. 

But it is not in the case of large bodies only that gravi- 
tational attraction can be observed. By a very delicate 
experiment Cavendish was able to observe and measiu'o 
the attraction between two balls of lead. 

We have good grounds for believing that gravita- 
tion belongs to all matter, not only of the solar system, 
but also of the various star systems that are within our 
view. It certainly belongs to all the matter of the solar 
system. The motions of the planets and their satellites, 
and of comets prove this; and so far as the motions of the 
more distant systems have been observed, there seems to 
be no reason for doubting that the stars that compose 
those systems are likewise affected by it, though we have 
not at present complete proof of its existence in these 
cases. 

The laws of gravitation known to us may be stated 
as follows: — Every particle of matter in the universe 
attracts every other particle. On examining whether the 
gravitational attraction is more intense between some 
kinds of matter than between other kinds, we find that 
it is not so. A pound of lead attracts another pound 
of lead, with, so far as our experiments have told us, 
precisely the same force as that with which a pound o£ 
water attracts another pound of water, or with \vhk.\5L ^ 
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pound of wood attracts another pound of wood; and, 
again, a pound of lead attracts a pound of water with 
precisely the same force as that with which it attracts 
another pound of lead. 

It is found, on the other hand, that the magnitude 
of the force between two portions of matter depends on 
their masses. If the mass of either is incresused, the 
force is increased in the same proportion; and from 
this it follows obviously that if the mass of each is in- 
creased, the force is increased in proportion to the in- 
crease of the proditct of the numbers that express the 
masses. If, for example, we compare the attraction of 3 
pounds of lead on 2 pounds of l^id, with the attraction 
of 4 pounds on 7 pounds, the forces are as 

3x2, or 6, to7x4, or 28. 

Since the mass of a body, that is, the quantity of matter 
it contains, is proportional to its inertia, the law which 
states that gravitation does not depend on the material 
of which the body is composed, but is proportional to 
the mass of the body, is often briefly stated in the 
words: — Gravitation is proportional to inertia. This is 
a law of extreme importance with regard to the motion 
of bodies under gravity. Were it not so, bodies of 
different materials would not fall equally fSeat, and small 
and large bodies of the same material would not fall 
equally fast. Again, pendulums of equal length but of 
different materials, or of different masses, would not 
vibrate with the same period. It is by means of experi- 
ments on falling bodies and on pendulums that the law 
is proved. But, before this can be properly explained, 
the influence of the rotation of the earth on pendulums, 
and on other bodies with which we can experiment at its 
surface, must be considered. 

Lastly, the attraction between two bodies depends on 
the distance between them; it is greater the smaller 
the distance. If the distance is reduced to one-half, the 
force is four times as great; if it is reduced to one-third, 
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the force is nine times as great; if the distance is doubled, 
the force is diminished to one-fourth of what it was at the 
first distance. 

The last two laws taken together give us the following 
statement : — The force of gravitation between two bodies 
is proportional to the product of their masses, a/tid is in- 
versely proportional to the square of the distance between 
them. 

Here let it be observed, that in speaking of the dist- 
ance between two attracting bodies, an assumption of 
some kind is implied. In order that the statement of the 
law may be really appropriate, we must either consider 
that the dimensions of the bodies attracting each other are 
so small, in comparison with the distance between the two 
bodies, that it is unnecessary to introduce into the ques- 
tion the consideration of the difference between the dist- 
ance of the parts of the two bodies nearest to each other, 
and that of the parts farthest from each other, or else 
that some mean point may be taken as the distance 
between the two bodies. In general the former supposi- 
tion is made, and the statement of the law of gravitation 
is, that the various particles of any two masses attract 
each other with forces proportional to the product of the 
masses of the particles, and inversely proportional to the 
square of the distance between them. The attraction, 
then, of any two given masses is the resultant of the 
attractions of the particles of those masses. 

There are, however, certain cases, as will be seen imme- 
diately, in which the attraction between two bodies may be 
considered to be between two points. Such bodies are called 
centrobaric bodies; and these points in the bodies are called 
centres of gravity. For example, the attraction between 
two uniform spheres is the same as if the whole mass of 
each were concentrated at its centre. Consequently, in 
this case we may say that the attraction is proportional to 
the product of the masses of the spheres, and inversely 
proportional to the square of the distance between their 
centres. A particular case of extreme importance, in 
6* BL 
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■wMch tliis is very approximately true, is that of the 
bodies of the solar system. Much simplification is 
introduced into the planetary theory by our being 
able approximately to consider these bodies spherical, 
and to reckon the force between any two of them as 
if the whole matter of each were collected at its 
centre. 

As an example of the law stated above, let us compare 
the attraction of the earth on a pound of matter at the 
earth's surface, and on a pound of the moon's mass. 
The distance of the moon from the earth is about 60 
times the distance from the surface of the earth to the 
centre. Consequently a pound of the moon's mass is at- 
tracted by the earth with a force only Tq^ or oaaq of the 

force with which a pound of matter is attracted by the 
earth at the surface of the earth. 

87. Terrestrial Gravity. — We must next consider 
observed terrestrial gravity, or as it is sometimes called 
apparent gravity, ^e observed gravity of a body is not 
precisely the gravitational attraction of the earth upon 
it. If the earth were not in motion round its own axis, 
then the gravity of a body would be simply the gravita- 
tional attraction of the earth on it. But bodies that we 
commonly speak of as at rest at the surface of the earth 
are not really so. Each of them is moving in a circular 
orbit of daily revolution round the earth's axis. Now it 
follows from Newton's laws of motion (Art. 19) that a 
body moving in a circular path with uniform velocity 
must be acted on constantly by a force directed to the 
centre of the circle in which it moves. This force has 
its effect in overcoming the inertia of the body, and caus- 
ing the body to deviate from the rectilinear path which, 
in virtue of inertia, it would at any instant tend to pur- 
sue.* Thus, in order that a body at the earth's surface 

* The student will understand this more perfectly after he has 
read Chap. VII. on " Curvilinear Motion." He is recommended to 
return to this very important subject after reading that chapter. 
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(a plummet hanging by its cord for example) may move 
in its daily circle, along with other neighbouring objects, 
it must receive, from without, a certain definite force 
directed always to the centre of the circle, and depending 
for amount on the mass of the body, the velocity of the 
motion, and the radius of the circle. Now the body is 
acted on by gravitational attraction, which is directed 
very approximately towards the centre of the earth, find 
this attraction resolves itself so as to supply a component 
which is the centreward force necessary to keep the 
body moving in its daily circle. The residue of the 
attraction, after this component has been abstracted 
from it, is the force which the body transmits to what- 
ever holds or suspends it, and which, in the case 
of the plummet, applies itself in pulling on the 
string. It is this residue which we perceive by our 
senses as a downward force exerted by the plummet, 
and which we call 
the gravity of the 
plummet. Let P 
be the plummet 
acted on by attrac- 
tion in the line PC 
towards the centre 
of the earth.* It 
is revolving in a 
daily circle whose 
centre is A, a point 
on the eariJi's axis 
NS, and the radius 
PA of the circle 
obviously depends 
on the latitude of Fig. 31. 

• Gravitational attraction is directed very approximately to- 
wards the centre of tiie earth; so nearly so, that we may, with 
sufficient exactitude for our present purpose, speak of it as if it 
were directed towards the centre exactly, and may represent it so 
in the dia^;ram. Strictly, however, the atitraQ,\j\OTL\&Tia\» ^ci!t<i^\*i^ 
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the place at which the ploinmei is aitomted. Now, ac- 
cordmg to what has been said, it is reqnisite, in order to 
keep P in its circnlar orbit, that a definite force, though 
sm^dl in amount in comparison with the whole attrac- 
tion, should constantly act on P in the direction PA. 
Let us represent the gravitational attraction in magni> 
tude and direction by the line PB; and let us resolve it 
into two component^ of which one, being the oentreward 
force necessary for the daily orbital motion of the plum- 
met, is determinate in amount and in direction, and is 
represented in the figure by the line PD. The other 
component, found by completing the parallelogram of 
forces, will be seen to be represented by PE. This is 
the force which manifests itself to us by acting on the 
plummet cord PO, and which is called the gravity of the 
plummet. 

The line of the plummet cord is the line OPEF; and 
it will be seen from the diagram, that gravity is not, 
either in direction or in amount, exactiy the same as the 
gravitational attraction on the plummet.''^ 

The gravitational attraction of ihe earth on any body 
is, as we have seen, proportional to the mass of the body; 
and the force required to overcome the inertia of the 
body, and to cause it to move in a curved path is like- 
precisely towards the centre of the earth, and the deviation is 
different at different places. This is dne principally to tiie fact 
that the earth is not an exact sphere, but an oblate spheroid, 
being flattened at the poles and protuberant at the equator, and 
also that it has local irregularities, such as mountains and valleys, 
as well as irregularities in geological structure. 

* The figure shows that this is a remarkable arrangement of 
forces. Though the plummet, hanging at rest by its cord, is 
generally thought of as being under a system of forces in equi- 
librium, yet it will be seen on proper consideration that the 
forces acting on the body are not in equilibrium; and that really 
the gravitational attraction on the plummet, represented by PB, 
and the pull of the cord on it, FO, give jointiy a resultant FD, 
which is unbalanced, and which is the force required to keep it 
moving in its daily circle. TMs resultant goes constantly to 
overcome the inertia of the plummet, and to deviate it into its 
circular path. 
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wise proportional to its mass. It follows that the gravity 
of any body is proportional to its mass. Hence it is that 
all bodies, of whatever material or size, would fall equally 
fast in the same locality were there no resistance of the 
air to be overcome. This was first shown by Galileo, see 
Art. 50. Hence also it is that a body, whose mass is 
five pounds, is five times as heavy as a body whose mass 
is one pound. This may at first sight appear almost a 
truism, because the very method of showing that the 
mass of a body is five pounds is to show that it is Jive 
times cbs heavy as a body whose mass is one pound. But 
it must be remembered that it is only because gravity 
is proportional to mass that the method of weighing can 
be applied for the purpose of determining the masses of 
bodies. 

In stating the intensity of the force of gravity on 
matter, it is the force per unit of mass that is given. 

The force of gravity varies slightly from place to place 
over the earth's surface. Over the British Islands its 
magnitude per pound of matter is approximately 32*2 
British absolute units of force (Art. 22), and this num- 
ber may be taken as exact enough for most practical 
purposes. 

As we proceed from the poles towards the equator, the 
force of gravity diminishes slightly. This is due to two 
causes. The first is the oblato figure of the earth. If 
the earth were a perfect sphere, and composed either of 
matter uniformly dense throughout, or of concentric 
spherical shells of uniform density, gravitational attrac- 
tion woidd be the same at every place. But this is not 
the case; and, owing to the earth's figure, the attraction 
per pound of matter at the poles is about -^-^ of its 
whole amount greater than at the equator. The second 
cause is the diminution of gravitational attraction by the 
absti-action of the centreward force, as has just been ex- 
plained. The effect of the abstraction of the centreward 
force in diminishing gravitational attraction is greatest 
at the equator, and decreases as we approach the ^olea^ 
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where it is zero. This is because near the equator bodies 
are moving more rapidly in their dimmal circles than 
near the poles, the radii of the circles being greater^ and 
also becanse near the eqnator the centreward force and 
the attraction are nearly in the same line, while near 
the poles this is not the case. The maYJmum diminution 
of gravitational attraction due to this canse is ^^ of its 
whole amount; and taking together the effect of the 
figure of the earth and of the centreward force, we find 
that gravity per pound at the poles is greater by about 
y|^ than at the equator. There are also slight varia- 
tions from place to place of the magnitude and direc- 
tion of gravity. Ix)cal irr^ularities, the presence of a 
great mountain or a deep ravine, or of an unusual 
quantity of very dense matter at a particular place, affect 
both the magnitude and direction of gravity; but such 
irregularities are insensible, except to the most refined 
experiments. 

38. Centre of Gravity. — Let us now consider a body, 
A, of sensible magnitude, attracting a particle, B, placed 
at a short distance from it. B is attracted, as we have 
seen, by every particle of A. We may thus consider the 
whole force of attraction on B as made up of a countless 
number of forces between it and the particles of A; and 
if all of these forces are combined together into a single 
^^^^ resultant, that resultant 

^l^!!^Bijr~~'~ 13 the total force of 

I "v^v^" '^^^^VZ^^I^^^^^-^^^T^^^^^^ attraction between A 
t#A*'T|^I7'^^^^^^^ and B. The student 

Ik ^v^ ".f'''''-r-"'"^ will immediately per- 

^^^-3::^-''' ceive that the line of the 



Fig- 32, resultant of all these 

forces must pass through the body A. Suppose now that the 
body A is turned round in its place, inverted, let us say. 
Then it is clear that the particular lines of the component 
forces will be altered in direction. The line Ba, for 
example, will take a new direction in space. This done, 
wo may again determine the line of the resultant of all 
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riie forces between B and the particles of A in its new 
position. Turning A into a third position, we may again 
do the same. Now, there are certain cases in which, if 
this be done, the line of the resultant of the forces 
between the particle B and the particles of the body A 
always passes through the same point of A. When such 
a point can be found it is called the centre of gravity of 
the body; and bodies which possess the property of having 
a centre of gravity are called centroharic bodies. As an 
example of a centrobaric 
body we may take a uni- 
form sphere. Here we see ^ ^i 




at once by symmetry, that 
however the sphere A be 
turned round, the line of Fig. 33. 

the resultant of all the forces of the particles of A on 
B passes through the centre of the sphere. The centre of 
the sphere is thus, according to what has been said, the 
centre of gravity of the sphere; and a sphere is a centro- 
baric body. The same applies to a uniform spherical 
shell 

There is only a limited number of classes of bodies that 
possess a centre of gravity; and to find whether or not 
any given body is centrobaric is a problem for mathe* 
matical analysis. 

The attraction between two centrobaric bodies is in 
the line that joins their centres of gravity. Thus, for 
example, we may say, that the line of attraction between 
two uniform spheres of matter always passes through the 
centres of the spheres* Newton proves geometrically 
that the attraction between two uniform spheres is the 
same as if the whole of the mass of each sphere were con- 
centrated at its centre. This is a most important pro- 
position in the theory of attraction. 

Although, as we have seen, there are only certain con* 
figurations to which a centre of gravity belongs, yet the 
term is commonly used as though it had a much wider 
signiftoation. Sometime;^ it is used instead of c^Xk^^ ^\ 
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inertia (see Art. 39); but more frequently the following 
meaning is attached to it: Small bodies near to the 
surface of the earth are affected, as we have seen, by 
the force of gravity. The lines in which the force 
acts on various parts of the body are sensibly parallel 
straight lines perpendicular to the horizontal plane at the 
place. The atti*active forces may thus be looked upon as 
a system of parallel forces. The centre of this system of 
pai'allel forces being found, it is often called the centre 
of gravity of the body.* It must be remembered, how- 
ever, that it is not rigorously true that the forces on the 
various points of the body are parallel; and, on the other 
hand, the point determined in this way for the body in 
one position will not be rigorously the same as the 
point found in a similar way for the body in another 
position. 

Nevertheless, though the construction for finding the 
centre of a system of parallel forces does not in general 
lead to the discovery of a true centre of gravity, yet 
it points to an important practical operation, by which 
we may find a small space in any given body through 
which the resultant of the forces of gravity on the 
various particles of the body always passes. This is 
what is called the experimental method of finding the 
centre of gravity. Let us suppose for the moment that 
a given body is acted on by a system of forces rigor- 
ously parallel, and that, in whatever position the body 
is placed, the force that acts on each particle of the 
body remains rigorously the same. We could then find 
a centre of parallel forces as we have seen above (Art. 
31); and we could determine the magnitude of the 
resultant. To find the centre of parallel forces experi- 
mentally, it would be necessary to test the body, with the 

* The student must consider carefully the strict. definition; 

and at the same time he must remember that, frequently in 

conversation and in examination papers, by the term centre of 

gravity is meant either the centre of inertia, or the centre of 

parallel forces, in the sense explained in the text. 
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forces applied, in three positions, and find in each case, by 
an experiment, the line in which the equiUbrant of the 
forces acts. The intersection of the lines, determined in 
three properly selected positions of the body, must be the 
centre of parallel forces. 

If we now suppose that gravity acts in parallel lines, 
and that the position of the body tested does not affect 
the amount of the force of gravity on the several particles 
of which the body is composed, a supposition which, for 
practical and experimental purposes, is sensibly accu- 
rate, then the problem of finding a centre of gravity, in 
any case, would be simply that of finding by experiment 
the centre of parallel forces for the given body. A par- 
ticular case will explain the method. 

The figure represents a plane triangular area, that is, 
a thin triangular plate or lamina of uniform material, of 
sheet-metal for example, and it is required to find the 
centre of gravity of the body. 

Let a fine flexible cord be attached to one of the angu- 
lar points, and let the triangle hang freely by the cord. 
Now, it is plain that if G be the centre of all the parallel 
forces on the various particles of the triangle due to 
gravity, that is, the point through which the resultant of 
all those forces acts, it 
is necessary that G 
should be vertically 
under A, the point of 
support, in ord^ that 
the force through A, 
given by the cord, may 
equilibrate that result- 
ant. For if G were not 
in the same vertical 
with A, the point of 
support, but in such Fig. 34. Fig. 35. 

a position as G (fig. 35), the upward force through A 
and the downward force through G, would constitute a 
couple tending to bring G vertically undait k- '^£^aa 
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Fig. 36. 



same would be true for the triangle suspended from any 
other pointk 

Let us now, in order to determine the centre of gravity 
of the triangle, suspend it by a flexible cord 
from the point A, and let us produce the 
line OA downward through the triangle to a. 
The dotted line Aa (fig. 36) must, from what 
has been said, contain the centre of gravity. 
Suspending the triangle by the point C, 
and finding the line Cc in a similar way, 
we perceive that Cc must also contain 
the centre of gravity. Evidently, there- 
fore, the centre of gravity of- the triangle 
must be at G, the intersection of the two lines thus deter- 
mined. 

The practical way of finding the ver- 
tical line passing through and A, and 
through and C, is to suspend from the 
point O a small plummet, and with its 
assistance to mark off the line on the 
body whose centre of gravity is to be 
determined. With a little skill the 
method may be applied so as to lead to 
very accurate results.* 

The method that has just been de- 
scribed is easily applied to the finding 
of the centres of gravity of plane areas. In this case, as 
the whole of the body lies in one plane, it is only neces- 
sary to determine two lines and their intersection, in 
order to find the centre of gravity. 

* The student should experiment for himself on plane areas 
of various shapes cut out of cardboard. Let him support the 
lamina on a very fine needle passed through it (for example, let 
the needle be passed through A perpendicular to the plane of 
the triangle), and let him hang from the needle a small weight by 
means of a Golk fibre or thread. He may then mark with pencd 
in each experiment two points through which the line of the 
thread passes, and drawing lines through these points deterxnioa 
i2ie intersection of the line^ 
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With bodies of three dimensions, that is, bodies hav- 
ing not only length and breadth but also thickness, 
it is of course necessary to determine three lines, and 
the point of intersection of those three lines. The prin- 
ciples to be followed are precisely the same as those that 
have just been illustrated. Generally, however, the form 
of the body interferes with the actual carrying out of 
the experiment. We cannot arrange to allow a plumb 
line to hang down through the substance of a solid mass; 
and it is only in the rare case where we are required to 
find the centre of gravity of an open framework that 
the method explained above can be carried out practi- 
cally. In certain special cases, however, special methods 
may be adopted; and in every such case the method 
is either that which has just been explained, or one prac- 
tically equivalent to it. 

39. Centre of Inertia. — ^Having explained the term 
centre of gravity, and having shown how to determine it 
in certain cases, let us now consider the centre of inertia 
of any material system. This point has an exact geo- 
metrical definition, and can be found in any given, sys- 
tem. The determination of it is of extreme importance 
in the theory of the motion of rigid bodies. In elemen- 
tary dynamics it is also of great importance, because the 
centre of inertia is also the centre of gravity of any body 
that possesses a centre of gravity; and where that is not 
the case, the centre of inertia is the point that is ap- 
proximated to in the experiment for finding a centre of 
gravity. Thus in bodies that possess a centre of gravity, 
the forces of gravity on the particles of the body balance 
exactly round the centre of inertia; and in bodies that 
have not a true centre of gravity, the forces of gravity 
on the several particles approximately balance round the 
centre of inertia. 

Let us consider, in the first place, two material par- 
ticles; the centre of inertia of the two particles is found 
in the following way : — Join the particles by a straight 
]iae, and cut the line inversely as the maaaea qC ^^ 
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particles. Thus, let there be two particles, A asd B, of 
which the masses are 10 lbs. and 15 lbs., and let the 
length of the line AB be 5 inches; diride the line AB in 
the point I, so that 

AI:BI::15:ia 

The distance of I from A is thns 3 inches, and from B 
2 inches. If there be a third particle, C, whose mass is 

20 lbs., then to find the centre of 
inertia of the three particles, find 
first the centre of inertia for two 
of the particles by the rule given 
above, then join that point with 
the third particle, and cut the join- 
Tig, 38. ing line inversely as the sum of 

masses of the first and second particles to the mass of 
the third. Thus, find first the point I, the centre of in- 
ertia of the particles A and B; join IC, and cut it in I', 
so that 

n':Cr::20:25 

If there were a fourth particle, we should join it with I', 
and cut the joining line inversely as the sum of the first 
three masses to the fourth; and so we should proceed for 
any number of particles. According to this definition, 
the centre of inertia is seen to be a definite point which 
is found by a geometrical construction. It is not difficult 
to show that the construction leads to the same point, 
whatever be the order in which the particles are taken in 
the process. 

Any body whatever may be considered as being made 
up of a number of particles rigidly connected together; 
and when it is required to find the centre of inertia, the 
definition that we have given above may be applied. 
Geometry, however, often affords methods by which the 
process may be shortened, or the problem systematically 
attacked; and, in particular, co-ordinate geometry, with 
the aid of a somewhat different definition, easily deduced 



CENTRE OP INERTIA. 



77 




from that which has just been given, makes the deter- 
mination of the centre of inertia for any given body 
simple. We may here consider a few elementary cases. 

(1.) To find the centre of inertia of a material 
straight line {a rod or bar) of uniform material. Divide 
the line into an even number of equal minute portions. 
It is evident that the centre of inertia of each pair of 
particles, taking together the particles on each side at 
equal distances from the middle as a pair, is at the middle 
point of the line. Thus the centre of inertia of the whole 
line is at its middle point. 

(2.) A material parallelogram of uniform material (a 
thin uniform hoard of that shape). Divide the parallelo- 
gram ABCD into thin 
bars or lines parallel to 
ABorCD. The centre 
of inertia of each of 
these bars is at its mid- 
dle point; the centre of 
inertia of the whole Fig. 39. 

must therefore lie in the straight line a 6, which contains 
all the centres of inertia of the elementary bars. For a 
similar reason it must lie in the line cd, which contains 
the centres of inertia of all the elementary bars that the 
parallelogram may be divided into by lines parallel to 
AD. Thus the centre of inertia of the whole parallelo- 
gram is at the intersection of ab and cd, and it may be 
shown that this point is also the point of intersection of 
the diagonals of the parallelogram. 

(3.) A uniform triangle (uniform 
triangular hoard). Let the triangle 
be divided up into strips or bars by 
lines parallel first to one of the sides 
BC, and then to another AC. Let 
the line Aa be drawn bisecting the 
base BC in a. Then, since the line c 
Aa bisects each of the strips into Fig. 40. 

which the triangle has been divided by lines parallel to 
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BO, the centre of inertia of the triangle must lie in the 
line Ao. Drawing B6 to bisect the side AC, it is plain 
that the centre of inertia must also lie in the line B6. 
Consequently G, the point of intersection of Aa and B6, 
is the cental of inertia. 

It is easily shown bj geometry that this point, the in- 
tersection of the three lines drawn ffom. the vertices of a 
triangle to the middle points of the oj^Kwite sides, may 
be found as follows : Draw from any angle a line bisecting 
the opposite side, and take a point in that line two-thirds 
of its length from the angular point. The point thus 
found is the centre of inertia of a uniform triangular 
lamina or plate. 

(4.) A tricmgular pyromdd. — ^The centre of inertia is 
in the line drawn from the vertex to the centre of inertia 
of the base, and at the point in this line distant from the 
vertex three-quarters of the whole length of the line. 

(5.) Uniform sphere or spherical shdl. — ^At the centre. 
The same applies to a series of concentric spherical shells, 
each of which is imiform throughout, but which differ 
one from the other in density. 

(6.) Uniform cube or paraMelopiped, — ^At the inter- 
section of the diagonals. 

(7.) Uniform cylinder » — ^At the middle point of its 
axis. 

(8.) Eight Cone of imiform material. — ^In the axis of 
the cone, a quarter of the height of the vertex from the 
base. 



CHAPTER V. 

EQUILIBRIUM OF SIMPLE MECHANICAL ARRANGEMENTS. 

40. There are six elementary machines which are 
frequently called the six mechanical powers. Some of 
these form excellent examples of the application of the 
iples of statics. The six mechanical powers are--' 
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the Lever, the Wheel and Axle, the Pulley, the Inclined 
Plane, the Wedge, and the Screw. Of these the wheel and 
axle is only a modification of the lever, and the wedge 
and screw are modifications of the simple inclined plane. 

41. Equilibrium of a Body turnings round a fixed 
Axis — Levers. — A lever is a rigid bar turning round a 
fixed point or axis; the fixed point round which the lever 
turns is called iHie fulcrum. When there are only two 
forces applied to the lever, one of them is generally called 
the power, and the other is called the resistance or weight ; 
and levers are commonly distinguished into three kinds, "^ 
according to the relative positions of the power, the resist- 
ance, and the fulcrum. 

Li one kind, the power and the resistance are one of 
them at each end of the lever, and the fulcrum in the 
middle, as in the diagram, Gg, 41. The common balance 
IS an instance oi bins Jvinci n . nLim m i" ; !-! ! ! !.!. » i!.. ! !'- " i n i 'imniM -i n i i i i iii .».». i iii i i...i. i .r i 
(though the names power and ^ ^^^ ^ 

resistance are not applicable). 

In another kind of lever 
(fig. 42), the resistance is 
applied at a point between ^ Fig. 4L 

the fulcrum and the power. 



>|rB 





Fig. 42. Fig. 43. 

In the third kind of lever (fig. 43), the power is applied 
between the fulcrum and the resistance. A most important 
example of this kind is to be found in the human fore-arm. 

* Sometimes, but uselessly, called the first, second, and third 
orders ol levers, the arrangement being that in the text. 
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The equilibrium of a lever, under any forces, may be 
considered in two ways. One way of dealing with the 
jjroblem is to find the resultant of all the forces applied 
to the lever, and to determine whether the line of action 
of the resultant passes through the fixed point or ful- 
crum. K it does so, there will evidently be equilibrium, 
assuming, of course, that the fixed point is able to bear 
the pressure upon it. Generally, however, it is more 
convenient to apply the principle of moments explained 
in Art. 30. 

Considering here a lever turning round an aocis, and 
thus confined to move in one plane, which is the case of 
most importance, the principle may be stated as follows : 
The body will be in equilibrium if the sum of the moments, 

about the fulcrum, of the forces 

tending to turn the body in one 

direction, is equal to the sum of 

the moments, about the fulcrum, 

of the forces tending to turn the 

body in the opposite direction. 

'Consider, in the first place, a 

Fig. 44. weightless lever with two parallel 

forces applied at its ends. Let C be the fulcrum on which 

AB turns. Then if 

PxAC=QxBO, 

or if the moments of the forces about C are equal and are 
opposite in direction, the resultant of the forces passes 
through C, and the lever is in equilibrium. If the forces 
are not parallel (fig. 45), then again, as we have seen 
(Art. 30), if, when we draw Cm and On perpendiculars 
on the lines of the forces, 

PxCm=QxC72, 

that is, if the moments of the forces about C are equal 
and in opposite directions, the resultant of the two forces 
passes through C, and the lever is in equilibrium. When 
the weight of the lever itself is to be taken into account, 
it may be considered to act through the centre of gravity 
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of the lever, and vertically downward. Its momeat about 
the fulcrum is thea added in, ,f 

according to the direction in ,■' i\ 

■which it tends to turn the body. /' i \ 

The same must bo done with tho ,'' ; \ 

other forces, if there be more n{ / \ 

than two, applied to the body, / ^^^, ,' ^Ji* 

When it is required to find the 
pressure on the fulcrum, it i 
necessary to determine the ma^ 
nitude of tho resultant of all the 
forces applied to the lever, includ- 
ing the weight of the lever itselE Rg. 45. 
This must be done by the methods already given for the 
composition of forces. The distances of the power aud 
reaiatance from the fulcrum are often called the arms of 
the lever. From what has been said, it is plain that where 
the power and resistance are applied in parallel lines, t/te 
power and resistance ate inversely proportional to tlie 
lengths of the amis of Up lever 



r/ 




Pig 43 

42 The Balance — We may now consider the balance 

as an important example \n statics. Fig 46 represents 

a chemii^ balance Great care has been bestowed b^ 
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pbilosophical instrument makers in making the chemical 
balance as perfect as possible. The beam is an open 
framework of brass, made in such a way as to give the 
greatest possible lightness compatible with the necessary 
stiffiiess. The beam turns on a knife-edge of hardened 
steel or agate, resting on a polished agate plate, which is 
supported on a strong vertical pillar of brass. At each 
end of the beam there is a steel knife-edge turned up- 
ward; and the pans are supported by being attached to 
agate plates which rest on these knife-edges. In order 
to prevent injury, and to save the knife-edges from wear, 
there is a framework which can be raised up, so as to 
lift the beam off its knife-edge, and to support the weight 
of the scale-pans, both when the balance is out of use, and 
also while the pans are being loaded or unloaded. This 
framework is raised or lowered by means of an eccentric 
connected with the milled head, shown in front of the 
balance case. 

A balance must have its index in the middle position 
when the weights in the two scale-pans are equal (the 
scale-pans themselves being equal in weight); it must 
also be sensitive; and, finally, it must have sufficient 
stabilitt/j or quickness of return when slightly disturbed, 
to enable weighings to be performed with the necessaiy 
rapidity. We shall consider the first two conditions : to 
investigate the third it is necessary to determine the time 
of a small oscillation, a problem which cannot be taken up 
here. In order that the balance should be poised when it 
has equal weights at the ends of the beam, it is necessary 
that the lengths of the arms should be equal, and that the 
centre of gravity of the beam should be in the same 
vertical plane with the axis of support when the beam 
is horizontal. In figure 47 is shown the arrangement of 
the points of application of the forces applied to the 
balance when the pans are loaded. O is the point of sup- 
port, or knife-edge, on which the beam turns. G is the 
centre of gravity of the beam, and A is the point where 
tbo line OG cuts the line BO that joins the points pf 
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support of the scale-pans. OG A is perpendicular to BC. 

Thus, G and A are 

in the same vertical 

through O when the 

balance is poised and 

the index 01 in the 

middle position; and 

these points are shown 

as being below the point 

O, which ensures the 

necessary stability of Fig. 47. 

equilibrium. See Art. 49. This being the case, and the 

lengths of the arms being equal, it is plain that equal 

weights at the ends will counterbalance each other, and 

the beam will rest horizontal. The moments of the forces 

about the fulcrum are then equal and opposite. 

The best way of ascertaining whether a balance is true 
or not is to weigh the same article first in one scale pan 
and then in the other. Any inequality will be thus 
detected. When a balance has unequal arms there are two 
ways of obtaining true weighings with it. The first way is 
simply to counterbalance the article to be weighed with shot 
or otherwise; then, removing the article from the pan, to 
put in weights sufficient to counterbalance the shot. The 
second method is to weigh the article first in one pan of the 
balance, and then in the other. If we multiply together 
the numbers that express the two apparent weights and 
take the square root of the product, we obtain the true 
weight of the article. To prove this, let a and h be the 
lengths of the arms, and let w be the true weight of the 
article; let x be the apparent weight when the article is 
suspended at the end of the arm a, and y the apparent 
weight when it is suspended at the end of 6. Then accord- 
ing to the principle of moments, when there is equilibrium 
we have during the first weighing 

wxa=xxh; 
duiing the second, 
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and, multiplying together the left hand members, and also 
the right hand members, of these equations, and removing 
the common factor a x 6, we get 

Hence w= Jxy* 
The sensibility of the balance is measured by the angle 
through which a given percentage difference of loads in 
pans will turn the beam of the balance. If the weight P 
be greater than the weight Q, the beam of the balance 
will not rest horizontal, but in such a position as that 
shown, ^g, 48. Observing that it is the upward pressure 
of the support at O which counterbalances the downward 
forces through B, C, and G, it is plain that O is a point 
on the resultant of the latter three forces; and thus, 
according to Art. 28, the moments of those forces about O 
must balance. Thus the moment of P about O balances 
the sum of the moments of Q, and of the weight of the 
scale-pan acting downwards through G, about the same 
point. In fig. 48, £C is the straight line joining the 

points of support of the 
scale-pans. O is the 
fulcrum, and since G, 
ift the centre of gravity 
of the beam, must be 
J* i vertically under O when 

Kg- 48. BC is horizontal, the line 

OGA must be perpendicular to BC. It is found by appli- 
cation of dynamical principles to the problem that the 
sensibility is greater the greater t/is length of the beam 
BC, greater as the weight of the beam itself is less, 
greater the shorter the distance OA, that is, the less the 
distance from the fulcrum to the straight line joining the 
points of suspension of tJie pans, a/nd greater the shorter 
the distance OG^ that is, the shorter the distance of the 
fulcrum from the centre of gravity of the beam, 

43. The Steelyard consists of a beam of iron, balancing 

about a fulcrum or pivot F. One of the arms is short, 

and carries sl scale-pan; the other, which is longer, is 
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graduated, and has a movable weight sliding along it. 
It is so adjusted that when 
the weight is at zero, on the 
graduated arm, the beam 
equilibrates about the ful- 
crum with the scale-pan 
empty. In order to equi- 
librate a weight put into the 
scale-pan,the movable weight Fig. 49. 

is put at a proper distance from the fulcrum, and by means 
of marks on the beam the weight in the pan is read 
off. It is plain that the distances between these marks 
must be equal if they are to correspond to successive 
equal additions of weight in the scale-pan; for if the 
movable weight placed at one inch from the zero 
counterbalances one pound in the scale-pan, the same 
weight at two inches from the zero will counterbalance 
two pounds in the scale-pan. In fact, by considering the 
moments of the forces round the fulcrum we see i^at a 
constant weight at double, triple, quadruple, etc., distances 
fi'om the zero counterbalances a double, triple, or quad- 
ruple weight placed on the other arm of the beam, always 
at a constant distance from the fulcrum. 

The complete working out of this question is left as an 
exercise to the student. He must take into account the 
weight of the scale-pan, and the zero position of the movable 
weight on the arm. The weight of the beam, and the 
position of its centre of gravity must also be taken into 
account unless, for simplicity, the latter is assumed to be 
at the fulcrum. 

44. The Wheel and Axle.— This 

arrangement (fig. 50) consists of two 

forces applied, one of them to a small 

cylinder called the axle, the other to a 

large cylinder called the wheel, the two 

cylinders turning round the same axis. 

Taking moments about this axis, it is Fig. 50. 

evident that when there is equilibrium the £QT:<:fi& ^)is^ 
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inversely as the radii of the wheel and axle, respectively, 
and that this holds whether the forces are acting in 
parallel lines or not. The windlass, sometimes used for 
drawing water from a well, is an arrangement equivalent 
to the wheel and axle. So is the capstan, commonly 
employed on ship board. In the case where the rope is 
wound up on a drum, account must, of course, be taken 
of the ever increasing radius of the axle. 

46. The Inclined Plana— A body rests in equili- 
brium on a plane of given inclination under the 
action of a force which acts parallel to the inclination 

of the plane. It is required 
to find the force necessary to 
prevent the body from slip- 
ping down, and also the pres- 
sure on the inclined plane, 
there being no friction. 
Let A represent the body, 
Fig. 51. acted on by gravity, verti- 

cally downward in the direction AC, and kept from slip- 
ping down the inclined plane by a force in ike direction 
AB'. Let us cut off AC to represent the magnitude of 
the force of gravity on A. Thus, if A is five pounds, 
AC may be made ^^ of an inch on a convenient 
scale. Resolve the force AC along the plane, and 
perpendicular to it (Arts. 26 and 14). Thus, from A draw 
AB and AD along the plane, and perpendicular to it; 
and from C draw CB and CD, perpendicular to those two 
lines, and completing the pandlelogram ABCD. AB 
and AD are the components required. Kow AD is per* 
pendicular to the plane, and is the pressure upon the 
plane due to the gravity of A AB acting parallel to the 
plane exerts no pressure on the plane, but simply tends 
to draw A down the plane, and it is this foi*oe which 
must be equilibrated by the force AB'. The respective 
magnitudes of AD, the pressure on the plane, and of AB'i 
which is equal to AB, may be found as in Art. 26, if the 
JacJioation cf the plane is giveni Thej may also be 
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found by calculation.* From any point M draw the 
vertical MN. The lengths LM, MN, and LN, are re- 
spectively called the length of the plane, the height of 
the plane, and the base of the plane. Then because the 
triangles CAB and LMN are similar, 

AB : AC : : MN : ML. 

Thus the force along the plane is to the gravity/ of A aa 
the height of the plane is to the length. Again, since 

AD(=:CB) : AC::LN;LM, 

we see that the pressure on tlie plane is to the gravity of A 
as the hose of the plane is to the length. 

If the force which supports the body on the inclined 
plane acts obliquely to the plane, instead of parallel 
to it, it must be resolved into two components, one of 
them along the plane, and the other perpendicular to it. 
The former of these com 
ponents prevents the body 
from slipping down the 
plane, the latter has its 
effect in diminishing the 
pressure on the plane, or 
increasing it, as the case 
may be. The accompany- 
ing diagram illustrates 
this for one case. The 
dotted lines are the com* 
ponents of the force F, 
communicated to A by a 
string passing over a 
pulley. The full lines are the components of the gt«,vity 
of the body A» 

46. The Wedge and Screw are, as has been already 

* Trigonometrical solution. Let i be the inclination of the 
plane to the horizontal. Let the gravity of A be W pounds, let 
F be the force AB or AB', and let P be the pressure on tho 
plane. Then 

F=Wsini, andP=Wcos<. 




Fig. 51J. 
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remarked, niodificationB of the inclined plane. Figure 
53 shows a form of wedge, -which is sometmeB caJled 




Fig. 53 

the DioTable inclmed plane. The student may see tho 
relation between the screw and the inclined plane thus : 
Let him take a triangular piece of paper, right-angled at 
C, as shown in fig. 5i, and, placing the side BC against 




Fig. 64 
the edge of a pencil, or other uniform cylinder, let him 
roll it on the pencil, when the edge AB of the paper will 
form a screw on the cylinder. We shall not hero attempt 
the iavestigation of tlie equilibrium of the frictionless 
wedge or screw. The problem would not present the 
simplicity afforded by the problem of the frictionless in- 
clined plane; and the problem of the wedge or screw in 
action, taking friction into account, is one of which only 
a very rough, incomplete solution can be given. 

47. The Pulley. — Theoretically, the pulley is a smooth 
body which changes the direction of a flexible and inex- 
tensible string that passes over it and presses upon It. 
Practically, to avoid friction as far as possible, the pulley 
is a wheel, and the cord passes over the circumference of 
the wheel. If the cord were perfectly flexible, aiid if 
there were no friction between it and the pulley, then 
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the tension of the cord would be the same throu^jh- 
out Hence, in fig. 

55 (1) two equal ^fi^ a< 

weights attached at 
two ends of a cord 
passing over a pulley 
balance each other. 
So also, in fig. 55 (2), 
the force that must 
be applied to the un- 
attached end of the 
cord, in order to sup-< 
port the ball hung at 
the other extremity, 
is equal to the gravity 
of the ball. In this 
diagram the pulley 
is simply used for 
changing the direc- 
tion of the force ap- 
plied to support the 
ball. In figs. 55 (3) 
and (4) a pulley is 
employed for the pur- 
pose of diminishing 
the force required to 
support the weight. 
Let P be the pull ap- 
plied to the unat- 
tached end of the 
cord. Then, as has 
been said, if there is Fig. 55. 

no friction, the pull in every part of the cord is the samej 
and therefore in the part attached to the hook of the 
beam. Thus the ball is supported by two parallel forces 
each equal to P ; * and the force P required to be applied to 
the cord, in order to support the ball, is only half the 

* Here the weight of the pulley and cord are Ult o^ ^1 v^^^'^ss^* 
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gravity of the ball. In 6g. 66 (5), where three tnovable 
pulleys are employed, it will be seen that the pull in the 
cord that passes roimd b, is equal to one-half of the gravity 
of the weight supported. The pull in the cord passing 
round (^ is one-half of that in the first cord, or one-fourth 
of that required to support the ball; and the pull in the 
cord passing round ij, which is equal to the force P, is 
similarly one-eighth of that required to support the ball. 




Fig. 66. 

If there are n movable pulleys, arranged in the same 
manner, all the cords being pandlel, then the force P) 
required to be applied to support a weight W, is given 
by the equation i 



When a complex pulley, such us that shown in fig. 8fl 
/S^, is used, a eingle cord pasoing round all the vhaelB, 
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and all the parts parallel, tKen considering that the up- 
ward pnll in each cord is the same and equal to P, and 
counting up the number of strings affording support to 
the weight, the relation between P and the weight may 
be found. Thus in fig. 56 (6), 

the weight of the pulley and the cord, and also any slight 
deviation from parallelism of the parts of the cord being 
here left out of account. 

48. Equilibrium of a Body Besting on a Horizontal 

Plane. — A rigid body resting on a horizontal plane 
touches the plane in three or more points. Theoretically, 
a rigid body may rest on a rigid plane on only three 
points: but we have no perfectly rigid bodies; and, 
each of the two bodies yielding to some extent, there 
are always, in practice, considerable surfaces in contact. 
The gravity of the body resting on the plane is equilib- 
rated by the upward pressures through the points of sup- 
port. The resultant of all the upward pressures must be 
equal to the gravity of the body. It must also act in the 
line in which the resultant of the gravities of the several 
particles of which the body is composed acts; that is, it 
must act upward in the vertical through the centre of 
gravity of the body. From this it will be seen that one 
condition for the equilibrium of a body set down on a 
horizontal plane is that the down- 
ward vertical through the centre 
of gravity should fall vnthin the 
polygon, formed by drawing lines 
joining the most outlying points 
of support of the body. For 
the resultant of all the upward 
pressures must obviously act 
through a point within the 
polygon so formed; and thus 
the line of action of the gravity 




Fig. 57. 



pf the body, which is the equal and opposite aC ^»Vi2^ 
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resultant, must also fall within that polygon. Thus in the 
diagram an oblique cylinder A rests in equilibrium on 
the horizontal plane, because the line through its centre 
of gravity falls within the ellipse drawn round the base; 
but the cylinder B, which is taller, will not stand in 
equilibrium, because the vertical through the centre of 
gravity falls without that ellipse, and cannot be equilib- 
rated by the resultant of upward pressures on the base of 
the cylmder. 
49. Stable, Unstable, and Neutral Equilibrium. — 

When a body, under the influence of gravity,* is sup- 
ported in equilibrium, the equilibrium may be stable, 
unstable, or neutral. The equilibrium is said to be stable 
if, when the body is very slightly (properly infinitely 
little) displaced from the position of equilibrium, it tends 
to return to that position. It will then, if left to itself, 
vibrate about its position of equilibrium, and, finally, 
resume that position when the vibration has subsided. 
The equilibrium is unstable if, when the body is very 
slightly displaced from its position of equilibrium, it 
tends to fall away farther and farther from that position 
of equilibrium. The equilibrium is neutral when the 
body neither tends to fall away nor to return. Thus a 
rod, hung up by one end from a hook, is in stable 
equilibrium; being displaced it tends to return to its 
original position, and let go, it vibrates like a pendulum. 
A pointed rod, balanced on one end, which rests on 
the ground is in unstable equilibrium; being displaced 
its tendency is to fall farther and farther away from its 
original position. 

A uniform cylinder and a loaded cylinder afford excel- 
lent examples of the three cases. B is a unifonn cylinder 
of wood, A and C are wooden cylinders, each loaded with 
a cylindrical bar of lead which is placed parallel to the 
axis of the wooden cylinder, and at a distance from the 

* The student will not fail to observe that this is but a parti- 
cular case of the more general one in which the body is under 
the JuQuencQ of any forces whatever. 
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centi*e. A is in stable equilibrium, resting on a hori- 
zontal plane with the loaded part lowest. C is in unstable 
equilibrium, bal- 
anced with its 
loaded part high- 
est. B, on the 
other hand, rests 
in neutral equili- 
brium on a hori- ^ig- 58, 
zontal plane ; if it be slightly disturbed from its original 
position, it has no tendency either to return to it or to 
fall farther away. 

Now, it will be noticed that g being the centre of 
gravity in each of the three cases, in the case of stable 
equilibrium the path of g, when the body is disturbed 
from equilibrium, is such as to make that point rise 
against gravity; and when the body, left to itself, is 
returning towards the position of equilibrium, the centre 
of gravity falls till it assumes the lowest position. In 
the case of neutral equilibrium, the path of the centre of 
gravity, viz., the centre of the cylinder, is a horizontal 
line, so that the centre of gravity neither rises nor falls. 
In the case of unstable equilibrium, the path of the centre 
of gravity during slight disturbance is such as to lower 
that point, and the centre of gravity tends to fall until it 
reaches the lowest position, that in figure A. 

The relations that have just been illustrated form the 
ciiterion of stability of equilibriimi. Noticing that a 
body may have such a form as to have several positions 
of stable and unstable equilibrium, as in the case of a 
polygonal prism, and in many others, it will be seen that 
a position of stable equilibrium is one of minimum eleva- 
tion of the centre of gravity, and a position of unstable 
equilibrium is one of maximum elevation of the centre of 
gravity, the displacements considered being very small 
displacements. 

It is to be observed that a body may be stable for 
angular displacements in one direction, and neutral on 
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unstable for displacements in another. Thus an egg- 
shaped body, lying on a horizontal plane, is stable for 
angular displacements round the centre of its principal 
vertical elliptic section through the centre, and neutral 
for displacements round the centre of its vertical circular 
section through the centre. Other instances will readily 
suggest themselves to the student. 

Another test of stability, found in the consideration 
of work done in displacing the body must be mentioned, 
but cannot be discussed in detail here. It will be noticed 
that in the displacement of the body A from the stable 
position of equilibrium, work must be performed to raise 
the centre of gravity g. In the case of unstable equili- 
brium, the body itself does work as the centre of gravity 
falls. In the case of neutral equilibrium, energy is neither 
gained nor lost during the displacementb 



CHAPTER VL 

ON FALLING BODIES. 

SO. Galileo's Experiments. — Bodies falling through the 
air often fall with unequal velocities. If a sovereign and 
a feather, for example, be let fall at the same instant from 
the same point, the sovereign reaches the ground much 
sooner than the feather. Gulileo was the first to prove that 
it is the resistance of the air that causes the unequal 
rapidity of falling, though the explanation was conjec- 
tured long before, as early even as Lucretius. Galileo 
showed that the feather is more retarded than the piece 
of gold because it ofiers a greater surface to the air in 
proportion to its weight. He made experiments to prove 
that the force of gravity acts equally on equal masses of 
whatever material, and inferred that all bodies would fall 
at the same rate were they unresisted by the air. His 
experiments were made by dropping balls of various mate- 
rials simultaneously from the leaning tower of Pisa. He 
found that the^ all reached the ground almost at the 
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4ame instant. When, however, the forms of the bodies 
were altered so as to increase the surface exposed to the 
air, the times of falling became very unequal. 

Since the invention of the air-pump, direct experiments 
on this subject have become easy. In the celebrated 
"guinea and feather" experiment, a tall tube is placed 
vertically on the plate of an air-pump, and is carefully 
exhausted of air. A sovereign and a feather, previously 
placed on a drop-stage at the top of the tube, are liberated 
at the same instant by means of a mechanism working 
through an air-tight stuffing box. Falling through the 
vacuum they are seen to reach the bottom at precisely 
the same instant. Such experiments as these show the 
effect of the resistance of the air on falling bodies. 

Having found that the force of gravity acts equally 
on all bodies, or, in other words, that equal masses or 
quantities of matter, of whatever material, are equally 
attracted by the earth, Galileo next proceeded to investi- 
gate experimentally the numerical laws that govern the 
falling of bodies near to the earth's surface. The velocity 
of a body falling freely is so great as to make it difficult 
of observation , and it is necessary therefore to use some 
contrivance for diminishing the rate of motion without 
altering the character of the motion, unless, as in Morin's 
apparatus described, Art. 52, some method of recording 
the motion automatically is made use of. Galileo used the 
inclined plane; the apparatus now more generally em- 
ployed for examining these laws experimentally is Att- 
wood's machine. 

Let AB be an inclined 
plane of such gentle in- 
clination that the motion 
of a body rolling down- 
wards is easily observable. 
Let C be a ball rolling 
down it. The force of 
gravity on the body C acts 
vertically downw^ds in tho lino CD; but resolving the 
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force CD along the plane and perpendicular to it, we see 
that it is only the part CE, parallel to the plane, that is 
effective in producing the motion. The part CF, per- 
pendicular to the plane, is equilibrated, and has its effect 
merely in pressing the body against the plane. From the 
figure we see that the force CE, moving C along the plane, 
is to CD, the whole weight of C, in the same proportion 
as the height of the plane to the length; and thus, by 
making the height small enough in proportion to the 
length, that is, by sufficiently diminishing the inclination 
of the plane, we can make the force that moves C as small 
as we please, and therefore the motion as slow as we 
please. The laws of the motion will not, however, be 
altered. It is merely in amount, not in character, that 
the motion is changed. 

By observing in this way, Galileo showed, (1) that a 
falling body acquires a gradually increasing velocity, the 
velocity acquired being directly proportional to the time; 
(2) that the spaces described in different intervals of time 
by a falling body starting from rest are in proportion to 
the squares of the times; (3) that the space described in 
any time by a body falling from rest is equal to half the 
space that would be described in the same time urith the 
velocity that the body has at the end of the time of falling, 

51. Attwood's Machine. — ^The laws of falling bodies 
may also be examined by means of Attwood's machine, 
which, like Galileo's inclined plane, is an arrangement 
for diminishing the amount of the motion without alter- 
ing the laws of it. The principle of Attwood's machine 
is to cause the gravity of a small body falling to act upon 
a large mass free to move. As we have seen (Art, 18), 
the velocity acquired under the action of a given force 
for a given time is inversely proportional to the mass 
moved. Thus when the falling body is connected to a 
considerable mass that requires to be set in motion, the 
rapidity of the fall is diminished sufficiently to allow it 
to be observed conveniently. The laws of the motion 
remain unchanged; but the velocity at every point, and 
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the space described dtiring each interval of time, are 
diminished to such an extent as to make them easily 



The arrangement ia the 
following : — There are two 
meta! boxes, A and B (fig. 60), 
which can be loaded to any re- 
quired extent with masses tliat 
are put into tbem. These are 
connected by a fine silk cord 
that passes over a wheel sup- 
ported on/rictionr^ollers, which 
almost do away with resistance 
of friction. The weights of 
A and B are equal, and equi- 
librate each ol^er. Another 
Email weight,made in the shape 
of a thin flat bar, can be laid 
horizontally on the top of the 
cylindrical box A. This is the 
falling body. {For brevity and 
distinction we shall call it the 
" bar.") Now as the bar falls, 
its gravity, which is the mov- 
ing force, has to set in motion 
not only its own mass, but also 
the masses A and B, as well as 
the wheel- work; and, by suffi- 
ciently increasing A and B, 
the motion ia reduced to any 
required extent. There are two 
stages, D and E, shown in the 
diagram. One of these, D, 
is a horizontal ring through 

which the cylindrical box A passes; and, as it passes, the 
bar is lifted off the top of the box, and its gravity ceases 
to act on the system. G is a fiat plate on which the box 
A strikes, and downward motion is thus stopped. D *»A. 
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E are movable, the bar can thus be lifted off at any re- 
quired point of the course by means of D, and, by adjust- 
ing the position of E, the subsequent course can be made 
of any required length. There is a pendulum, beating 
seconds or half seconds, attached to the apparatus for 
the purpose of counting time during the experiment. 

The vertical rod of wood which supports D and E is 
a scale graduated to inches or centimetres. By means of 
it the positions of the stages are adjusted. 

To experiment with Attwood's machine, the box A is 
drawn up to the top of the scale, the top of the box 
being parallel with the mark zero. The small horizontal 
bar is laid on the top of A; and then at a particular beat 
of the pendulum the system is released. To avoid giving 
any impulse or shake in releasing the system, there is 
often a mechanical detent connected with the. apparatus 
by the letting go of which the experiment is commenced. 
Otherwise the part of string that holds up B may be held 
with the fingers, or other means may be adopted. The 
stages D and E, before the experiment commences, are 
placed at any chosen points. The beats of the pendulum 
are observed by the ear, to which a little practice gives 
considerable accuracy, and the time of reachmg D is noted. 
The distance from the zero to D being known, the space 
fallen through in the observed time is ascertained. At D, 
as has been explained, the horizontal bar is lifted off, 
and the distance from D to E is then traversed with 
unaccelerated motion of the system. By knowing the 
length DE, and observing by the clock the time taken to 
traverse it, the velocity that the system acquired while 
the horizontal bar was falling from the top to D is as- 
certained. 

By means of Attwood's machine, the laws of Galileo 
given above may be verified experimentally in an admir- 
able way; and with it we may also determine acceleration 
due to gravity, or the intensity of gravity per unit quan- 
tity of matter,* by an elementary experiment. To de- 

* See foot-note, p. 121. 
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tennine the numerical value of the intensity of gravity by 
Gkilileo's method of allowing a body to roll down an in- 
clined plane involves considerations somewhat complicated. 
In fact, a sphere and a cylinder will not roll down an 
inclined plJe at the same rate, nor wiU either of them 
roll down at the rate at which a body would slip fric- 
tionlessly down a plane of the same inclination. The 
calculation of the numerical value of the intensity of 
the force of gravity by means of an experiment with 
Attwood^s machine is, however, simple, and with well- 
made apparatus considerable accuracy is attainable. 

To explain this — ^we have seen that when a body, such 
as the bar of Attwood's machine, falls freely^ the weight 
or gravity of the body requires to set the mass of the body 
itself into motion. But in the experiment described the 
same force, namely, the gravity of the falling bar, is re- 
quired to set not only its own mass in motion, but also 
the masses of the two boxes, together with the mass of 
the wheel-work. The velocity acquired in any given time 
by the moving system in Attwood's machine will there- 
fore be (see Art. 18) to the velocity that would be 
acquired by the bar if it were falling freely, inversely 
as the whole mass moved in Attwood's machine is to the 
mass of the bar. 

Let j9 be the mass of the bar; let M be the mass of 
each of the boxes A and B; and let I be a mass equivalent 
in inertia for rectilinear motion to the inertia of the 
wheel-work,* the different parts of which, it will be 
observed, are put in motion with very different velocities. 
Let g denote the velocity acquired in one second by a body 
falling freely, that is. Art. 15, since the present is a case 
of uniformly accelerated motion, the acceleration due to 

* We cannot explain here how the equivalent I is obtained; 
but it is sufficient for the present that a mass I can be deter- 
mined such that if we could make the wheel-work perfectly 
massless {i.e., without inertia), and add one-half of I to each of 
the boxes A and B, we should have a system precisely equivalent 
to the actual system so far as regards the motion iVL-ai^^^ "ax^ 
here concerned with. 
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gravity, and let a be the acceleratioa of the wliole mass 
moved by the weight of p in the Attwood's machine. 
Then according to what has been said, jr is to a inversely 
as the mass ^ is to the mass 

2)+2M+I 
Or, 

g .'a ::p+2M+I ;;i. 
Hence 

_y + 2M + I 
3 p '■ 

The acceleration a, or the velocity acquired by the sys- 
tem under the gravity of p in one second, is observed in 
the experiment, and g is calculated by this formula.* 

63. Morin's machine for observing the laws of falling 
bodies also requires notice. In it there is a vertical 
cylinder or drum covered with white paper which ia 
turned at a very rapid and uniform rate. The falling 
body is allowed to drop down between two vertical guides, 
and it carries a pencil which touches the paper drum, and 
thus records the position of the falling body at every in- 
stant On unrolling the paper from 5ie drum, the trace 
thus made is found to be a para- 
bola. This, it can easily be shown, 
ought to be the case ia order that 
the laws of Galileo may hold; 
and by comparing the dimensions 
of the parabola, the rate of motion 
of the drum being known, the velo- 
city and acceleratioa of the motion 
at every point of the course of the 
falling body may be inferred. The 
figure shows tlie paper after it 
__ 1ms been unrolled from the drum, 

"* P is the point from which the 

lig. 61. body is let fall, let us suppose, 

jast at the moment when the number 0, carried by 
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the paper, turning rapidly round in the direction indicated 
by the arrow, comes to be vertically under P. Were the 
paper at rest, the trace made by the body falling would 
be the line PA; but as the paper has a motion of its own, 
the line PA is drawn forward during the fall, and the line 
traced is found to be a curve of the form shown, a por- 
tion of a parabola. The equal spaces 0-1, 1-2, etc., 
represent equal intervals of time owing to the uniformity 
of the motion of the paper; for example, each of them 
may be -j^ of a second. When therefore the body has 
been falling ^ of a second, it is plain that it has fallen 
through' the distance ah. The average velocity during 
the next A- of a second is ascertained by measuring the 
distance h c If Vc' be measured in feet, and if the num- 
ber found be divided by -^ (t.e., multiplied by 5), the aver- 
age velocity in feet per second will be the result (see Art. 
9). Again, by measuring ah and a'c' and comparing them, 
Galileo's discovery that the spaces described are propor- 
tional to the squares of the times during which they are 
described is verified. 

53. We next proceed to deduce convenient formulas 
for solving the many interesting and useful problems that 
are connected with falling bodies. A body that falls from 
rest is, as we have seen, influenced by a force that is 
sensibly constant, under which it acquires velocity at a 
uniform rate. A body falling for one second in our 
latitude acquires a velocity of 32*2 feet per second; 
during the next second an additional equal increment of 
velocity is acquired, and so on. Let g denote the num- 
ber that expresses the acceleration due to gravity, as is 
usual in books on dynamics;* and let < be the time in 
seconds during which the body is falling; then v being 
the velocity acquired : — 

v^gt, (la) 

If the body has initially a velocity V, that is, if it be 

* Thus g is 32*2 feet per second gained per second, or 981 
centimetres per second gained per second. (See foot-note ig« VIVV 
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projecbed vertically downward or upward with a velocity 
V, the velocity at the end of any time t is calculated by 
adding or subtracting, as the case may be, the velocity 
acquired. Thus we have the formulas — 

v= V±flr«. ( l6 ) 

It is to be noticed that in the formula v = V + ^« we are 
taking the downward direction as the positive direction, 
while the opposite is the case in the formula v = V - ^^. 
It is convenient to make the given initial velocity posi- 
tive; and then to add or subtract, as the case may be, the 
velocity subsequently acquired under gravity. 

In the formula v = Y -gt, when t has a certain value 
(depending on the magnitude of V), the value of t; is zero; 
when t has any greater value, v is negative. These are, of 
course, the first, the case where the body rises to the 
highest point of its course and has zero velocity just 
before beginning to descend again; and the second, the 
case where it has begun to fall, and has downward or 
negative velocity. By putting v = 0, and calculating t, 
we find the time during which a body, projected verti- 
cally upward with given velocity, will continue to 
rise. 

Let us next find the space described in any given time 
by a body falling freely. If the body were moving with 
uniform velocity, the space fallen through would be found 
by midtiplying the number that expresses the velocity 
by the number of seconds during which the motion lasts. 
The formula for calculation would be (see Art. 8) S = VT 
But when the velocity is not constant we must use 
instead of V the number that expresses the average 
velocity of the motion during the time. In the case of 
uniformly accelei*ated motion, the average velocity is 
obviously the arithmetic mean between the velocity at the 
beginning and the velocity at the end of the time. Let 
the initial velocity of the motion be V, that is, at the 
commencement let the body be projected downward with 
the velocity V, and at the end of the time t let the 
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velocity be V + v (where, as we have just seen, v = gt). 
The average velocity of the motion is then 

irV+(V+t;)"lorV+Jv. 

Consequently, if « be the space described, it is found on 
multiplying the average velocity by the time t that 

8=(y+iv)t; 
and substituting gt for v, 

8=Yt+igt^. (26) 

If the body falls from rest the velocity of projection, V, 
is zero. The formula then becomes 

8=igt^ (2a) 

which corresponds with Galileo's discovery that the spaces 
described by bodies falling from rest are in simple pro- 
portion to the squares of the times of falling. 

If the body is projected vertically upward, the average 
velocity of the motion is 

V-ivorY-igt, 

and the space described is given by 

8=yt-igt\ (26) 

From the last formula we may calculate the greatest 
height to which a body will rise with a given velocity of 
projection, having previously determined, with the aid of 
(h), the time during which the body rises. We may 
also calculate the time at which the body returns to the 
point of projection, in which case,* 

8 = 0. 

* To find the value of t from the equation, Vt -igt^=0,& quad-, 
ratio equation must be solved. The two roots, one ^=0, and 

V 

the other t=2—, correspond to the two instants at which the body 

is at the point of projection, the first at the start, the second on 

V 

its return. Comparing the latter with <=— , got by putting 

V— in (1& ), at which time the body reaches its highest point, 
we find that the time required by the body to return to the 
point from which it started is double that required to rise to its 
greatest height. Thus the times of ascent and descent ax^ <&^>;^^a^ 
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Another formula of great importance is derived from 
the two formulas 

V =Y±gt 

by eliminating t This may done by squaring the upper, 
multiplying the lower by 2g, and subtracting one from 
the other. The result obtained after transposing 2g8, is 

v^=y^±2g8, (36) 

or if V, the velocity of projection, is zero 

V^=2g8, (3a) 

V being measured downward. Thus it appears that the 
square of the velocity acquired in falling from rest through 
any distance 8 is equal to twice the product of the accele- 
ration g and the space 8, The formula (85 ) 

enables us to determine the height to which a body, pro- 
jected vertically upward with a given velocity V, will 
rise. For putting v = 0, which will be the case at the 
highest point; or 

we get 

2g 

Example. — A body projected vertically upward with 
a velocity of 80 feet per second. We find (putting g 
roughly equal to 32), 

V«_(80)«^6400^ 0^ 
2g 2x32 64 "" 

The body rises to a height of 100 feet. 

64. In formula (2„), let us put for g its approximate 
value 32. We find for the number of feet described in 
t seconds by a body falling from rest, 

»=16x<2 
or »=(4e)«. 

Thus, since 4« is the number of quarter seconds that the 
body has been falling, we obtain a rough but convenient 
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nile that the number of feet traversed by a body faUhig 
from rest, is equal to the squa/re of the nv/niber of qvxx/rter 
seconds during which it has been falling, 

EocampU. — A stone is let fall from the top of a cliff, 
and 3 J seconds (14 quarter seconds) later it is heard to 
strike at the bottom: required the height of the cliff. 
From the rule we find 

H=(I4)« = 196 feet. 

In this calculation, besides taking the numerical value of 
^ to be 32, which is less than its real value, we are leav- 
ing out of account the influence of friction of the air on 
the falling body, and the small correction to be applied 
for the time taken by the sound to reach the top of the 
cliff. 

In the formula (2^) let us take « = 1, < = 2, etc. Thus 
we get 

sec. ft. 

Space described from rest in 1 16 

2 16x4 

„ „ 3 16x9 

„ „ 4 16x16 

Subtracting the number of feet described in one second 
from the number described in two seconds, we find the 
space described during the 2nd second, and so for 3rd and 
the 4th seconds. Thus we find 

sec. ft. 

Space described in 1st 16 

„ „ 2nd 16x3 

„ „ 3rd 16x5 

„ „ 4th 16x7; 

and we see that the spaces described from rest during the 
successive seconds are in proportion to the successive odd 
numbers 1, 3, 5, 7, etc. 

55. The principles that have been explained for the 
case of bodies falling vertically under the influence of 
gravity, apply to all cases in which a body is in motion 
under the influence of a constant force acting in the line 
of motion of the body; and the formulas to be used in 
all calculations concerning such motion are ^Y^^^Vsi^ 
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similar to those that have just been given. Let a body, 
whose mass is m, be acted on by a given constant force, 
for a given time t; and let it be required to determine 
the velocity acquired, and the distance traversed in that 
time. First, if the force be not numerically expressed 
in terms of the kinetic unit of force, it is necessary to 
reduce it to kinetic measurement. This being done, let F 
be the number that expresses the force in kinetic units; 
then, dividing F by m, the acceleration a of the moving 
body is obtained (see Arts. 15, 18, and 22). 
Thus 

F 
o=-. (4) 

m 

Then, if there be no initial velocity, substituting a for g 
in formula (!„), page 101, we obtain 

v^at (6) 

for the velocity at the end of the time t; and, similarly, 
we have for the space described from rest, 

«=ia««; (6), 

and for the velocity acquired while the body is moving 
over any distance 8 we have 

t;«=2(w. (7) 

If the body be in motion with an initial velocity V, the 
corresponding formulas (Ij), (2^), (Sj), are to be employed, 
a being substituted for g in each case. 

56. It often happens that problems of a kind converse to 
those that we have been considering require to be solved. 

Example I, — A train, with its engine attached, weigh- 
ing 200 tons, is moving with a velocity of one mile per 
hour, and ten seconds later it is found to be moving with 
a velocity of 3 miles per hour. It is required to find 
the accelerating force, supposing it to have been constant 
during the. time of action.* Here the initial velocity 

* Friction and the inertia of the wheels are left out of acconnt 
here. Thus the force calculated is over and above that required 
to overcome friction and the inertia of the wheels. 
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is 1-47 ffc. per second nearly, and after ten seconds it 

has been accelerated to a velocity of 4*4 ft per second. 

The acceleration in feet per second gained per second was 

2*93 
therefore -tq • The mass moved is equal to 200 x 2240 lbs. 

= 448,000 lbs. Hence if F denote the accelerating force 
in British kinetic units, we have from (4) 

F= ~? X 448,000= 131,300 nearly. 

Dividing this number by 32*2, according to Art. 22, we 
find the force to be 4080 lbs., or a force which would 
support nearly 2 tons. 

Example II, — A. bullet weighing 1 oz. is fired from 
the barrel of a rifle 2^ ft. long, and leaves the muzzle with 
a velocity of 1500 ft. per second : find the average pres- 
sure on the bullet while in the barrel. The average 
pressure* is such a pressure as would have communicated 
the velocity, 1500 ft. per second, to Jhe bullet had it been 
kept uniformly applied to the bullet over the whole dis- 
tance — ^the length of the barrel — along which accelera- 
tion was being communicated to the bullet; and thus this 
problem is reduced to the case of motion under constant 
force. From formula (7), p. 106, we have 

v'=2a«, 
hence (1500)«=2ax2J 

aud a =450,000 

But m = ^lb., and by (4), p. 106, F = ma; hence 

j,^450^^ g kinetic unit8=873 lbs. 
16 

* There are two ways in which we may consider the average 
of a force that is not uniform in its action. We may consider a 
force which, acting uniformly during a certain timef would pro- 
duce a given effect produced m the same time by the non-uniform 
force ; or we may, as in the present example, consider a force 
which, acting over a certain path or spaeet would produce the 
given effect produced by the non-uniform force acting over the 
same space. The former average is spoken of as the time-avenige 
of the non-uniform force, the latter as the space-average of the 
non-uniform force. 
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CHAPTER VII. 

CURVILINEAR MOTION. 

57. Having considered certain cases of motion in a 
straight line in the preceding chapter, we have next to 
consider motion in a path that is curved. According to 
Newton's first law of motion, a body that is in motion 
tends to move on from point to point with unvarying 
velocity in a straight line: and curvilinear motion can 
only take place under the influence of a force, or forces, 
always deflecting the body from its rectilinear path. In 
fact, a body moving in the line AB would continue to 
move uniformly in that line, did not force act on it to 
deflect it from that line. This force (represented in 
direction, at one point, by CE) acts in overcoming 
inertia, and in communicating to the body the trans- 
verse velocity, which, combined with the original velo- 
city, gives the new motion. When the transverse force 
ceases to act, the body thenceforward moves on in a 
straight line. It may be noticed here that the deflection 

of a body from the line AB 
into a new line, such as CD, 
cannot be sudden and abrupt. 
It must be made by a gradual 
turn. An abrupt turn from 
Fig. 62. the line AB into a new line 

CD, giving a sharp comer at C, would necessitate the 
action, for an infinitely short time, of a force infinitely 
great. The bend must be gradual; and the sharper the 
bend, that is to say, the shorter the path for a given 
angle turned through, the greater is the force required 
to produce the change in direction of the motion of the 
body. 

As examples of curvilinear motion, we may consider 
the motion of a stone whirled round in a sling, the motions 
o£ the moon and of the planets in their orbits, the motion 
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of a projectile, as a bullet fired from a gun. In each of 
these cases, a deflecting force is acting on the body at 
every point of its path. Thus in the case of the sling, 
the cord is applying to the stone a force directed toward 
the centre, round which the motion is taking place; and 
as soon as the stone is released from the sling it flies for- 
ward in a straight line, the tangent to its path, at the 
instant of release. The moon is drawn towards the earth, 
and the planets towards the sun, by the force of gravita- 
tion. If the force of gravitation ceased to act, the moon 
would cease to move in a curve, and would go on thence- 
forth in a straight line, the tangent to her path, at the 
instant at which gravitation ceased acting. 

The case of the projectile which, under the influence 
of gravitation, is always falling towards the earth is 
similar. It will be briefly considered a little later. 

In whirling a stone round in a sling, we feel that the 
hand is required to apply force in order to make the 
motion curvilinear. On account of the inertia (see Art 
19) of the body, resistance is exerted by the body against 
the deflecting force; and it is this which gives rise to 
the outward pull in the cord of the sling that is felt by 
the hand. The pull felt by the hand, when a stone in a 
sling is whirled round, is called centrifugal force; but 
this term is by no means appropriate, and is apt to be 
misleading. There is no real force tending to make the 
body fly from the centre. What we observe is simply 
the tendency of the body to move on in the direction, 
whatever it may be, in which at any instant it is mov- 
ing. It is only when the body is compelled by a mate- 
rial guide, such as the cord of the sUng, to move in a 
curved path that any resistance to the force that gives 
curvature to the path is experienced. Thus, in the case 
of a planet, the body yields to, and is deflected by, the 
force transverse to the path; and in this case, though 
the name centrifugal force is commonly applied, it is 
evidently unsuitable. 

68. Uniform Circular Jlotioa.— The eijcK^V^^ ^^s^ ^ 
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curviliuear motion is uniform circular motion. This is 
the case of a body moving in a circle with unvarying 
velocity. The following are the laws of uniform circular 
motion : — 

1. To keep a body moving uniformly in a circle, it 
must be acted on by & force always directed towards the 
centre of the circle. Considering that the path of the 
body at each point is in the direction of the tangent to 
the circle at that point, we see that this ceini/re:mard force 
is at every point perpendicular to the path of the body. 

2. The centreward force is constant, that is, it is the 
same in amount at every point of the path. This will 
be almost self-evident from considering the uniform 
character of the motion about the centre. 

3. Let m be the mass of the body moving in a circle 
of radius r, let v be velocity, that is, the length of the 
curved path described per unit of time; then F, the 
amount of the centreward force, reckoned in kinetic units 
(Art 21), is given by the formula 

F=??^ (1) 



Beducing to gravitation units (Art. 22), the force P is 
found by 



mn 



l^^'JTL. (2) 

gy^r 

Thus ilie force required to keep a body of yiverh mass 
revolving in a circle of given radius, is proportional to the 
sqiuire of the velocity of the motion. For a given velocity 
the centreward force is inversely proportional to the radius, 
and is directly proportional to the mass of the body. 

It will, of course, be observed that the so-called centri- 
fugal force is equal and opposite to what is here called 
the centreward force. Its magnittide is thus to be calcu- 
lated by the same formula. 

Example, — ^A ball 10 pounds weight, let us suppose 
one of the balls of the governor of a steam-engine, is turn- 
ing in its circle with a velocity of 3 feet per second, the 



UNIFORM CIRCULAR MOTION. Ill 

radiiis of the circle being half a fool/. According to the 
formula given, the force is equal to 

10 X i^ = 180 British kinetic units, poundals ; 

or, dividing by 32 '2, 6*6 pounds force.* Thus to keep the 
ball revolving in its circle, it must be constantly urged 
by a force directed towards the centre of the circle, and 
equal in magnitude to the gravity of 5*6 pounds. 

59. The laws of uniform circular motion may be put 
in other forms that are often convenient. Let T be the 
time taken by the moving body to describe one complete 
round. This is sometimes called the periodic time of the 
motion. The radius of the circle being r, the length of 
the circumference is equal to 27rr, where ir stands for the 
ratio of the length of the circumference of a circle to the 
length of the diameter, and is numerically equal to 
3'1416.t Now, as T is the number of seconds required 
to describe the length 27rr, we have v the velocity given 

T 

Substituting this in formula (1) above, we find, if F 
denote the force in kinetic units, 

r=m^. (3) 

Thus the farce required to keep a body moving in a 
circle tuith given periodic time is directly proportional to 
the 70088, and directly proportional to the radius of the 

* The force will be reckoned in poundals or in dynes, according 
as the mass and the length of the radius are taken in British or 
in metrical units; and the reduction to pounds force or grammes 
force will be performed according to the rule of Art. 22. It 
will always be proper for the student to perform the reduction; 
for, while we help ourselves to clearness and exactness by using 
the absolute system, we must be prepared to give the results, u 
they are to be of practical use to others, in terms of the units 
commonly employed by engineers and other practical men. 

t This will be found explained in books on trigonometry and 
mensuration. 
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circle; while the forces required to keep the same body 
moving in the same circle with different periodic times are 
inversely proportional to the squares of the periodic times. 
Lastly, let us consider the angular velocity of the 
motion. Let A be a body revolving in a circle ABC. 

Let A start from C, and commence 

^/^ ^ *^ revolve uniformly in the circle. 

n^ \ / \ The rate at which the radius OA 

// \ / \ sweeps over the angular space is 

I ^'. 4c called the angular velocity of the 

\ / body A. Angular velocity, when 

V / uniform, is measured by the angle 

^^^.„^_^^^ described per imit of time. If it is 

not uniform, considerations similar 
Fig. 63. to those of Arts. 9 and 10, where 

non-uniform linear velocity is the subject, are applicable. 
Just as linear velocity is numerically expressed in feet 
per second, or metres per second, so angular velocity is 
numerically expressed in units of angle swept over per 
second. Angular velocity may be expressed in degrees per 
second, or again in right angles per second, or in revolu- 
tions per second, according as the degree, the right angle, 
or the turn through a complete round is taken as the 
unit angle. The usual and most convenient imit angle 
for the measurement of angular velocity is, however, the 
radian, or the angle which, at the centre of a circle, sub- 
tends an arc of the circumference equal in length to the 
radius of the circle.* The radian is equal to 57*3 degrees 
approximately, or a little less than the angle of an equi- 
lateral triangle. One round (360°), or the angular space 
of four right angles, is therefore 27r radians; that is approxi- 
mately 2 X 3-1416j or 6*2832 radians. The radian is there- 
fore contained 6*28 times in four right angles. According 

* The name radian has recently been ^ven to this unit angle. 
The angle COM, fig. 63, is one radian. The arc CM is equal to 
the radius of the circle. Thus, supposing the ball A to be in its 
first revolution, the eye tells us that its radius AO has described 
an angle a very little greater than two radians from CO. 
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to this, if T be the periodic time of the motion, that is, 
the time of describing a complete round, since 27r is the 

angular measure of a round, -= is the angle described 

per unit of time, that is the angular velocity. The angular 
velocity is often denoted by the Greek letter w. Thus — 

2r 
T 

From this and the formula (3), we get 

F=m(a^r (4) 

as the expression in kinetic units for the centrifugal force 
with given angular velocity. The formula is in effect the 
same as (3). 

If the angle turned througli per second were given in 
degrees, it would be necessary, in order to make it suit- 
able for the formula just given, to reduce it to radian 
measure. This is done by dividing the number that ex- 
presses the angular velocity in degrees per second by 
67*3, as there are 57*3 degrees in a radian. 

Example. — A stone weighing 2 J lbs. is attached to 
one end of a cord and whirled round, in a horizontal 
circle of three feet radius, twice per second. Find the 
centrifugal force. 

Here 

771=2-5 T=i r=3, 

hence 

w = — = 47r = 12 '57 radians per sec. nearly. 

F=2-5 X (12-57)'' X 3= 1185 kinetic units, or 36-8 lbs. 

The student may exercise himself here by calculating 
the tension of the cord, and its inclination to the horizon, 
and its lengtL 

60. The Pendulum. — The simple pendulum is, theo- 
retically, a heavy particle suspended from a fixed point 
by a massless inextensible string, and vibrating freely 
in one plane. Practically a small leaden bullet sus- 
l)ended by a fine silk thi'ead from a very firm support, 
and vibrating in one plane, realises the theoretlca.V ^"o^- 
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ceptioiL The simple pendulum is so called in contra- 
distinction to the compound pendulum, A rigid body 
of any shape, suspended so as to yibrate about a fixed 
axis, is called a compound pendulum; and thus the pen- 
dulum of a common clock, consisting of a rod, often 
made of wood, which carries a heavy bob, generally 
of brass or of mercury amalgam in a glass vessel,^ is a 
compound pendulum. The simple pendulum would be 
unsuitable for the purposes that pendulums are used for 
in mechanism; but it is very important as a theoretical 
conception. The laws of motion of the simple pendulum 
can be investigated without much difficulty, and the 
results of the investigation can afterwards be applied to 
the case of the compound pendulum. 

A is a small ball of lead suspended fi'om a stout sup- 
port at O by a very light silk thread. 
K left free, it would hang down 
with the thread in the line OC, the 
direction of the force of gravity at 
the place. If this ball be drawn 
aside to £, and then let go, care 
being taken not to give it any im- 
pulse to one side or ^e other of the 
line in which it is drawn aside from 
C, ifc will vibrate to and fro in one 
plane, viz., the vertical plane con- 
taining OC and B, and will evi- 
Fig. 64. dently describe an arc of a circle 

whose radius is the length of the string. 

When the ball is hanging down in the middle position, 
its gravity is equilibrated (fig. 65) by the upward pull in 
the string. But when it is drawn aside from C to any 
position, such as B, the force of gravity, which is always 
vertically downwards, is not in the same straight line 
with the string, and thus is no longer equilibrated by 
the pull in the string. From figure 65 we see that the 

* The well known arrangement for a ''compensatmg peu- 
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resultant of gravity, and the pull in the string, gives 
always a force directed in sucli a way as to make the ball 
return towards C. In drawing the ball from C back to B, 
it will be seen that the ball is raised a little above C. It 
tends to fall from B, down in the vertical line drawn 
through B. The string prevents it from doing so; but 
guided by the string from point to point it falls down 
to C along the curved path. During the fall to C it 

acquires velocity, and when it reaches 

C it is moving with this acquired 
velocity in the direction of the tan- 
gent to the circle at C, that is, hori- 
zontally. Guided by the string, it 
now commences to ascend the curve 
CB', and were it not for resistance of 
the air, and loss of energy at the point 
of support, it would rise to B' on the 
same level with B. There it would 
stop, commence to fall in again to- ^J^ 
wards C, thence rise again to B, and 
so on for ever. Resistance of the air 
and loss of energy, due to want of 
perfect fixedness of the point of sup- 
port, gradually bring it to rest; but a 
well-suspended simple pendulum will go on oscillating for 
a very long time. The distance from the point of sus- 
pension to the centre of gravity of the moving mass 
is called the "length of the pendulum;" the time of a 
swing from one end of the "range" to the other, is 
called the " time of vibration" of the pendulum.* 

* This is not tlie case in any other kind of vibration. The time 
of vibration, or, as it is called, the "period" of the motion, is 
properly the time of making a complete oscillation, so that during 
the period the motion goes through all its phases. Hence the 
"period" of the pendmum is properly tJie time from one end of 
the range to tJie other and ba>ck; or, still better, it is the time that 
elapses from the instant when the moving mass passes through 
its middle position, till the instant when it next passes t^^N^?^ 
the middle position going in the same d\Tft<i\.\oiv «i»\i^\at^» 




Fig. 65. 
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The moat important question regarding the pendulum 
is the time of vibration. Galileo first discovered that 
when the range is small, the time of vibration is indepen- 
dent of the range. Let a simple pendulum, such as we have 
been describing, and 39 in. long,* be caused to vibrate 
first through J of an inch on each side, then through 
half an inch, then through an inch, then through two 
inches, and 100 vibrations counted each time with the 
aid of a clock or watch with a seconds hand, it will be 
found that the time of 100 vibrations is very closely the 
same in each cascf 

The reason of this remarkable property, which gives to 

the pendulum its value for pur- 
poses of time-keeping, is thus 
explained. Although when the 
pendulum vibrates over the range 
BB', the distance traversed is 
greater than when DD' is the 
range, yet in the former case the 
pendulum falls from a greater 
height, viz., from B to C, than in 
the latter. The velocity acquired 
n r \ ^^ in falling from B down to any 

point P, between D and D', is so 

much greater than that acquired 

Fig. GQ. in falling from D to the same 

point, tbat the additional velocity over the course DD', in 

the case of the wider range, compensates for the increase 

of the range. 

We have stated above that the time of oscillation is the 
same for different ranges when the range is small. The 
range is said to be small when the length of the arc 
through which the pendulum vibrates is a small proportion 
of the length of the pendulum. Thus with a pendulum 

* A pendnlam which beats seconds is about 39 inches long. 

f Every student should try this instructive experiment for 
himself. A small bullet or stone hung from a nail by a fine 
tbr3:ii, ftod a watch or clock, are all th3 apparatus required. 
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39 in. long, which would beat seconds, a range of half an 
inch, an inch, or two inches on each side may be reckoned 
small. When with such a pendulum the arc of vibration 
is 5, or 6, or 10 in. on each side, it can no longer be 
called small. But if the pendulum were 20 ft., or 30 ft. 
long, as it may be for illustration in a lecture room, 
10 in. on each side would then be so small a range, that 
the difference between the time of vibration for that 
range and for a range of only 6 in. would not be notice- 
able, and could only be shown by a careful experiment, 
counting the vibrations for several minutes.* When the 
time of vibration of the simple pendulum is spoken of, 
what is commonly meant is the time of vibration calcu- 
lated as though the range were infinitesimal. The for- 
mula for calculating it (5) below, is called the "pen- 
dulum formula;" and the time of vibration calcu- 
lated by that formula agrees closely with the time 
observed by experiment, when the pendulum is vibrat- 
ing over such short ranges as we have been speaking of. 
When the range is considerably greater than a ^ or -^ 
of the length of the pendulum, the vibrations are per- 
formed in periods sensibly longer than when it is very 
small. The correction to be applied for the purpose of 
calculating the time of vibration of a given pendulum 
vibrating over any range is not difficult, though we 
cannot enter into the question here. 

The foUo^^dng are the laws of vibration of the simple 
pendulum. 

(1.) For a given length, and at a given place on the 
earth, the time of vibration is not influenced either by 
the mass (quantity of matter) of the " bob," or by the 
material of which it is made. This law is the result of 
careful experiments. It is our best proof that the force 
of gravity on each body is proportional to its mass, 
and does not depend on the nature of its constitution. 
Were the force of gravity per unit of mass (Art. 37), 
more intense on some bodies than on others, different 
* The range in the figures is unavoidably exaggetaA^^ 
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bodies similaily suspended would vibrate in diiTerent 
times, those that are most intensely actuated by gravity 
vibrating in shortest times. This is not the case. 

(2.) The time of vibration of the simple pendulum 
depends on the length of the pendulum. For different 
pendulums at the same place on the earth, the times of 
vibration are proportional to tlie square roots of the 
lengtJis, Thus, of two pendulums, one four times as 
long as the other, the time of vibration of the first will 
be twice that of the second. 

(3.) The same pendulum has not the same time of vibra- 
tion at different places on the earth. This is on account 
of variations in the force of gravity. The times of vibra- 
tion of the same pendtUum a,t different places are inversely/ 
proportional to the square roots of the numbers that ex- 
press the intensities of gravity/ at those places. 

The last two laws are summed up in the formula for 
calculating the time of vibration of the simple pendulum. 
Let I be the length as defined above, let g be the number 
that expresses the force of gravity in kinetic units per 
unit mass at the place, and let t be the time of vibration, 
then the range being small 

(5) 



-'^i 



The letter tt has its usual signification, viz., the ratio 
of the length of the circumference of a circle to the 
diameter, that is approximately the number 3 '141 6. 

Examples, — (1.) Find the time of vibration of a pen- 
dulum 30 inches long at a place where gravity is 32*2.* 
Here l-2'b feet 



e=3l416x. /^. 



/2'5 
^ Y 32$ 

=: -8752 , 

or tte time of vibration is '875 of a second 

(2.) Find the length of the "seconds pendulum*' (that 

* I^ote that g and I must hare the same unit ol length* 
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is, a pendulum that beats seconds) at a place where 
gi-avity is 32 '18, Here t = l; and thus — 



1 = 31416 X 
Hence squaring, etc., 



/-i- 

V 3218 



1= 



32-18 



=3-26 feet=391 inches. 



(3- 1416)' 

6L The Compound Fendalom. — This is the name 
given in books on rigid dynamics, the advanced part of 
dynamics that deals with the motions of rigid bodies, to 
a rigid mass of any shape whatever, vibrating about a 
fixed axis. The general theory of the motion of such 
a body includes, of course, the motion of such pendulums 
BB Ja used for time-keepiBg and in philosophical ex- 
periments, for the purpose of determining by observation 
the intensity of the force of gravity at various places 
on the earth's surface. Generally speaking, investiga- 
tions regarding the motions of rigid bodies possess con- 
siderable complexity. In the present case, however, the 
results may be stated in a very simple way by compari- 
son of the motion of the compound pendulum with that 
of the simple pendulum. 

Let us consider the motion of a rigid body, rnich as a 
fiat bar, AB, suspended so as to oscillate 
about an axis through C. Left to itself 
it would hang down with G, the centre 
of gravity, vertically under C, the point 
or line of support. But if it be drawn 
aside, as shown in the diagi*am, a couple, 
indicated by the lines of forces, acts on 
it to cause it to return to. its normal 
position. Now, by considering the sys- 
tem of forces, and the conditions of the 
motion, it can be shown that the motion 
of the rigid body AB is precisely the 
same as it would be, if the mass of AB 
could be concentrated at a certain point Iv^.^V 
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O, leaving the remainder of the body a niassless frame, 
and if the rigid body thus formed could be suspended 
from C, and set to oscillate as a simple pendulum. The 
position of the point O, relatively to C and G, depends 
on the arrangement of mass of the rigid body; but we 
can always find a simple pendulum, the vibrations of 
which will have precisely the same period as those 
of any given rigid body vibrating about a given axis. 
Consequently, it is customary to speak of the length of 
the equivalent simple pendulum for a given compound 
pendulum. The distance CO is the length of the equi- 
valent simple pendulum for the bar AB. The deter- 
mination of the length of the equivalent simple pendu- 
lum for a given compound pendulum is a very important 
practical problem. This being determined, the time of 
oscillation for the compound pendulum is calculated by 
means of formula (5), p. 118. 

The length of the equivalent simple pendulum for a 
compound pendulum of given form may be calculated 
from theory. In practice, however, it is determined by 
experiment. One way of doing this is, obviously, to com- 
pare the vibrations of the compound pendulum directly 
with those of a simple pendulum. Thus, let a small 
bullet be attached to a fine silk thread, and, by trial, let 
the length of the thread be adjusted till the vibi-ations 
of the simple pendulum agree with those of the com- 
pound pendulum. The length of the simple pendulum 
may then be measured.* 

The best method of finding the length of the equiva- 
lent simple pendulum is, however, based on the following 

* The student should experiment for himself with a tolerably 
uniform lath, such as the laths used by Venetian-bUnd makers. 
A fine needle passed through the lath at 0, fig. 67, will furnish 
the axis of suspension. Having found by trial the length CO of 
the equivalent simple pendulum, he must pass another needle 
through the point O thus determind, and prove the property of 
"convertibihty" by experiment. By means of slips of lead, 
folded round and glued on to the lath, he can produce compound 
j)endulumB of varied distribution of mass. 
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principle : — It can be shown that if the point O be found, 
such that a simple pendulum of length CO would keep 
time precisely with the compound pendulum AB vibrating 
about a given axis through C, then if the pendulum were 
suspended so as to vibrate about a parallel axis through 
the point O, the vibrations would be performed in pre- 
cisely the same times. This principle may be stated in 
a slightly different form. 

A pendulum AB is given, vibrating about a given axis 
through C. From Gr, the centre of gravity, let a line be 
drawn at right angles to the given axis through C. The 
point where this line cuts the axis through G is called 
the centre of suspension. Let this line be produced in 
the direction of O to the point O, such that CO is equal 
to the length of the equivalent simple pendulum. The 
point O thus found is called the centre of oscillation. 

The statement given above may now be put in the 
following form: — The times of vibration of the pendtUum 
about pa/rallel axes, through the centres of suspension and 
oscillation are equal. This is often spoken of as the 
principle of convertibility of the centres of siispension and 
oscillation. 

62. Detennination of the Force of Gravity. — The 

determination of the intensity of gravity at different 
parts of the earth's surface is, as we have seen (Chap. 
IV.), a problem of great importance. It is thus that 
the distribution of matter in the earth is found, and the 
figure of the earth ascertained. 

If we could experiment with sufficient accuracy on 
falling bodies, we could deduce from the velocity of 
descent at various places the variations in the force of 
gravity. This, however, has not hitherto been found 
practicable. It is by means of pendulum experiments 
that the intensity of the force of gravity has been ascer- 
tained. We have seen that if g be the number that ex- 
presses the force of gravity on unit of mass,* if ^ be the 

* The attention of the student is called to the fact that q \& 
Bomctimes said to represent the number tha-t «7L\it^^^<s3^*si^^^ss^^'^ 
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length of a simple pendulum, and t the time of an oscil- 
lation, then 

Hence it follows at once that 



T« 



If then we measure the length l, and find by observa- 
tion the time t of an oscillation, we can calculate g. 

Example, — A pendulum 37-8 inches long is found to 
make 122 beats in two minutes at a certain place. Find 
the numerical value of g (the force of gravity in kinetic 
imits per pound of matter) at that place. 

Here, since 122 beats are made in 120 seconds, t the 

time of a single beat is ^, and ?, in feet, being -j- , we 

r~' 122 l<a 

have (putting for ir its value 3'142) 

(3'142) «^37-8 
^ /1^\« 12 

\199/ 



122> 

120' 12 



^{ziw^m\n'3 



=32 14. 
In 1818,. Captain Kater first took advantage of the 
principle of convertibility of the centres of suspension 
and oscillation to obtain very accurate determinations of 
the intensity of gravity by observations with the com- 
pound pendulum. AB (fig. 68) is a thin bar of hard well- 
seasoned wood. W and w are two weights, of which W 
is much the greater. The weight w is movable, and can 
be clamped m any position by a screw. C and O are 
two steel knife edges, and the pendulum can be made to 
vibrate about either of them, tne knife edge resting on 
agate plates. To experiment with this pendulum, it is set 

of gravity per unit of mass in kinetic units, and sometimes (e.^., 
p. 101) the acceleration of the mass due to gravity. ^ The fact is« 
that, when the kinetic system of measuring forces is emplc^ed, 
the numerical expressions for the acceleration and for the zorcf 
per nmt of joaaQ are identical (see (4), p. 106). 
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to vibrate first about C, and then about 0, and the vibra- 
tions are counted. If it does not vibrate in equal times 
about C and about O, the movable weight w is shifted; 
and, by trial, the position is found for Wy which makes 
the times of vibration about C and O equal. "When this 
is the case, the distance CO is the length of the equiva- 
lent simple pendulum, according to the 
principle stated above, and this length is 
used in the formula for calculating the 
intensity of gravity. The time t of vibra- 
tion about either C or O is then ascer- 
tained with great accuracy by counting 
the vibrations for a long time. The 
best way of doing this is by means of 
the "principle of coincidences," which 
is briefly as follows :— The experimental 
pendulum, and the pendulum of an as- 
tronomical clock, are placed so that, 
when both are hanging vertically, one 
is hidden by the other to an . observer, 
who, usually with a telescope, looks at 
them from a distance. Suppose the ex- 
perimental pendulum to vibrate a very 
little faster than the pendulum of the 
clock, which we may suppose beats 
seconds exactly, and that both are 
started together. Then on the first 
beat both pendulums will cross the 
field of view of the telescope together, 
but after that the experimental pendulum will pass 
across the field of view in advance of the clock pendu- 
lum, and the diflerence between the times of passage 
will go on increasing until at last both pendulums again 
cross the field of view together, the experimental pendu- 
lum having gained one complete vibration (two beats) 
on the clock pendulum. Suppose this takes place in 
1000 seconds as indicated by the clock, then the time of 
vibration of the experimental pendulum i& ^\a.\s^ "^v^^ 
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of a second. This method is found to give results with 
great accuracy. It was employed by Kater, Sabine, Airy, 
and others in their expeiiments on gravity. It is by 
pendulum experiments that the results as to variations 
of gravity over the earth's surface referred to in Art. 37 
have been obtained. 

63. Projectiles. — ^We may now very briefly consider 
the motion of a body projected obliquely near the surface 
of the earth, and under the influence of gravity. Let us 
leave out of account for the present the resistance of the 
air, and let us consider a body projected from A in the 
direction AA', and with a given velocity. According to 
Newton's laws, Art. 19, if the body were not under the 
influence of any force, it would continue to move uni- 
formly in the line AA', passing over equal spaces in 
equal times. But under the action of gravity it is drawn 
from the line A A', and describes a curved path. Let 




Fig. 69. 

us consider the motion of the body resolved into two com- 
ponents vertical and horizontal. Now, since the direction 
of gravity is always vertical, it is plain that the horizontal 
component of the motion will remain unchanged, and that 
only the vertical component will be altered. Let fltj, a^y 
etc., be the points that the body would have reached at 
the ends of Ist^ 2nd, etc.^ seconds had there been no gravity 



PROJECTILES. 125 

acting on it; and let vertical lines be drawn through a^, 
ttgj etc. Since the horizontal component of the velocity of 
projection remains unaltered, the body will be found as 
far from A in the horizontal direction as if gravity were 
not acting; that is, at the end of the first second it will 
be somewhere in the vertical a^c^, at the end of the 2nd 
second it will be somewhere in a2C2, and so on. But 
owing to gravity the body does nob rise so high in the 
vertical direction as it would were gravity not in action, 
and thus at the ends of the successive seconds, it is found 
below the points a^, ag, etc. The simplest way of tracing 
out the path of the projectile is to mark off, according to 
the scale on which Aa^, 0^02, etc., are laid down, points 
fcj, ^2 on the verticals a^c^^ a^2i etc., such that the dis- 
tance Oj^j is the space that a body falling freely would 
fall in one second, that is 16 feet, aj)^ that fallen in two 
seconds, and so on according to the formula 2^ p. 103. 
It will readily be seen that the points 5^ ^g, are those at 
which the body must be at the ends of the corresponding 
seconds. Drawing with the hand a smooth curve through 

A6j62» ®^-» *^® P^*^ ^3 found. It is a portion of a 
parabola with the axis vertical. When the velocity of 
projection is small, it will be necessary to take the points 
a^, ^2 at shorter distances than correspond to successive 
seconds, in order to get a sufficient number of points on 
the curve. Intervals of a quarter or a tenth of a second 
may then be taken, but the principle is, of course, the 
same as that which has been illustrated. In the diagram, 
fi%, 69, the velocity of projection is taken as being 160 
feet per second. The scale of the diagram is -^j^ in. to 
16 feet. 

When the resistance of the air is taken into account, 
the problem of the motion of projectiles becomes very 
complicated, and, indeed, owing to our want of know- 
ledge of the laws of the resistance of the air, it has not 
been worked out mathematically. Observation, however, 
tells us that the form of the trajectory of a body like a 
round cannon ball is veiy far from being parabolic. T?^.^ 
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diagram, fig. 70, shows a trajectory such as may be seen 
when a large ball is fired from a point A, with an eleva- 
tion of about 33 degrees. 




Fig. 70. 



CHAPTER VIII. 

WORK — ENERGY. 

64. Work. — When a body moves, or is moved, against 
resistance from one position to another, resistance being 
thus overcome along the path, work is said to be done. 
In the first case the body is said to do work; in the 
second case the agent by which the body is moved does 
work upon the body, and work is expended by the body 
in overcoming the resistance. When a bullet strikes 
a wooden target and penetrates it, the bullet does 
work against the resistance opposed to its passaga 
When a heavy body is raised from the earth, work is 
done in overcoming the attraction of the earth. Again, 
work is done when we press against a spring that yields 
before the pressure, or when we draw asunder two mag- 
nets that are attracting each other. To constitute work 
force must be in action, and the action must take place 
over a path or distance. Thus we do not speak of work 
being done while the heavy body which kas been raised 
from the eai*th is held supported, or while the spring that 
has been bent is held bent, or while the magnets that 
have been separated are held apart. 

W7ien the resisting force is constant over the path, the 
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work done is measn/red hy the prodiict of the magiiitude 
of the force, and the length of the path. The most com- 
mon unit of work is the foot-pound. It is the amount of 
work required to raise one pound mass through one foot 
against the force of gravity. When a weight of one 
pound is raised 10 ft. one foot-pound of work is done in 
lifting it through each foot of the path. Again, when a 
weight of 6 lbs. is raised one foot, one foot-pound of work 
is done for each pound raised. Thus, when a weight of 
6 lbs. is raised 10 ft., the work done is 6 x 10, or 60 
foot-pounds. 

The foot-pound is a gravitation unit, and, as it depends 
on the gravitation unit of force, it is slightly different in 
amount at different places on the earth's surface. Thus, 
while it is eminently convenient for the practical measure- 
ments of engineers, it is replaced for scientific measure- 
ment, in most departments of physical science, by the 
absolute or kinetic unit of work, which is the work done 
when one kinetic unit of force is overcome through one 
unit of length. Thus, when the British system of measure- 
ment is employed, work is measured in British kinetic 
units of force acted against through a distance of one foot, 
that is, in foot-poimdals (Art. 22). When the metrical 
system is used the unit of work is one dyne overcome 
through one centimetre, and is called the centimetre-dyne. 
To reduce foot-pounds to foot-poundals, we must multiply 
by 32*2; to reduce foot-poundals to foot-pounds, divide by 
32-2. The factor for reduction on the metrical system 
from centimetre-grammes to centimetre-dyneS, and vice 
versa, is 981*4. This will be readily understood from 
the explanations given in Art. 22. The absolute unit on 
the metrical system is employed for all measurements 
regarding work done by electric currents, by the motion 
of magnets, etc. A special name, the £rg (from ergon, 
the Greek for work), is given to the centimetre-dyne. 

When a weight is raised obliquely, as along a smooth 
inclined plane, the resistance opposed to the force which 
raises the weight is not the whole jjca^lVj ^^ ^'^ Ni*^^ 
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It is only that component of it which acts along the 
plane that has to be overcome (Art. 45); and it is this 
component force which must be used in the calculation 
of the work done. In every case where the force is 
oblique to the path of the body, the work done is 
measured by the product of the component force in the 
direction of motion and the length of the path, 

65. Rate of doing Work. — The rate at which a 
machine or other agent can perform work often requires 
to be considered. It is measured by the amount of work 
that the machine or agent can perform per unit of time. 
For specifying the rate at which machines can do work, 
Watt's practical unit, the horse-power, is very generally 
adopted. An engine that can do 33,000 foot-pounds of 
work per minute is said to be of one horse-power. An 
engine that can do double that amount of work per 
minute is said to be of two horse-power, and so on. The 
unit is founded on an estimate made by Watt of the 
amount of work that horses perform. It is found that 
the estimate was, in reality, much above the power of an 
ordinary horse. 

66. Energy of a Body or System.— Energy of a body 
or system is the capability that the body or system 
possesses of doing work, and when a body is giving out 
work the work done is often spoken of as energy expended. 
There are various forms in which bodies may possess 
energy. For example, the spring of a watch when wound 
up possesses energy, in virtue of which it keeps the 
mechanism going against friction, thus doing work while 
it unwinds; and when it has "run down," it has lost the 
energy that it possessed before. The weight of a pile- 
driver just before it strikes the pile possesses energy in 
virtue of the velocity with which it is moving; so also 
does a bullet that has been fired from a gun. There are 
also many other forms in which energy exists. Thus, 
gunpowder or nitro-glycerine possesses a latent energy 
due to the chemical arrangement of its ingredients; steam 
jjossesses energy in the heat it contains; an electric cur- 
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rent possesses energy in virtue of electro-magnetic inertia. 
These are given as examples, but we cannot attempt to 
discuss the subject fully here. 

Energy, as known to us, belongs to one or other of two 
great classes, to which the names potential energy and 
kinetic energy are given. Potential energy is energy that 
a body possesses in virtue of its position, or that a system 
possesses in virtue of the relative positions of its parts. 
Kinetic energy is energy that a body possesses in virtue 
of its being in motion. As examples of potential energy, 
we may consider the energy of a weight raised up above 
the earth, as the weight of a clock, which does work in 
falling; the energy of a bent watch spring, which does 
work in imcoiling; the energy of compressed air, as in 
an air-gun, or in an air-brake on a locomotive, which 
does work in expanding; and, again, the energy of nitro- 
glycerine, or of a mixture of oxygen and hydrogen, due to 
chemical separation, and in virtue of which work is done, 
while the chemicals combine and change their relative ar- 
rangement. Examples of kinetic energy are presented to 
us in the energy of a fly-wheel revolving rapidly, in the 
energy of a cannon buUet in motion, or in the energy 
possessed by the weight of a piling engine just before it 
strikes the pile. It is in virtue of its motion that the 
weight of the piling engine can produce the effect that it 
does produce. It might lie at rest on the head of the pile 
for ever without forcing the pile into the groimd. The 
energy of a heated body is another kind of lonetic energy, 
though this cannot be explained properly here. 

It has been said that the energy of a body or system 
is its capability of doing work. This statement must, in 
our present state of knowledge, be taken as a relative one. 
Just as when the velocity of a body is specified relatively 
to some other body considered for the time being as at 
rest, so it is with the energy of a body or of a system of 
bodies. When we speak of the velocity of a ball rolling 
across the deck of a ship, we leave out of account the 
motion of the ship alonj the surface of the earth. Gq»\sn.^ 
6* ^ 
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further, we Have to remark that the ship is in motion 
carrying the ball with it; the surface of the earth has a 
motion relatively to the axis of the earth; while the earth 
itself is being carried round the sun once in a year. 
Then we have to take into accoimt the motion of the 
solar system with respect to other systems, and so on. 
We know nothing whatever of any point in space as 
absolutely fixed. So it is with respect to energy. We 
know nothing of an absolute zero of energy, or of circum- 
stances in which we could consider any body or system 
to have parted with all its energy so as to be incapable 
of giving out or producing any more work. To take a 
simple example : When the weight of a clock is wound 
up, a certain amount of work is done upon it, in vii'tue 
of which it acquires the power of keeping the clock in 
motion till the weight has run down. But this is not all 
the energy that the weight possesses. If the clock were 
placed at the edge of a precipice, or of a deep pit, the 
weight could do more work by falling down further., 
Even could it be allowed to fall in to the centre of the 
earth, it would still possess energy in virtue of its position 
with respect to the sun, and with respect to the other 
attracting bodies in the universe. Then when we come 
to take into account the energies due to temperature, due 
to electrification, due to magnetization, due to chemical 
affinity, that may all co-exist in the same body, the ques- 
tion becomes still more complicated. These relations, 
however, even so far as they are known to us at pre- 
sent, cannot be discussed fully here, as they involve 
questions in Natural Philosophy and Chemistry that 
are beyond the scope of an elementary treatise on 
Dynamics. 

67. In conclusion, we will consider the kinetic energy 
of a moving mass, that is, the energy that it possesses in 
virtue of its motion. A moving mass, such as a cannon 
ball, does work when it strikes against a resisting object, 
and in doing so parts with its velocity and comes to rest. 
The kinetic energy of a moving mass is meOfSured by tli^ 
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mechanical work that it can i)erform or give out in parting 
with its motion. 

Let a body, whose mass is m lbs., be moving with a 
velocity v feet per second; and let the direction of motion 
be vertically upward. According to Art. 53, p. 104, the 
height h in feet to which it will rise, when resisted only 
by gravity,* is given by the formula 

v'^ = 2gh. 
The body thus rises h feet vertically, doing work against 
the force of gravity. Let us now multiply each side of 
this equation by m and divide by 2. Thus — 



mv^ 



2 



—m.gxh. 



But mg is the force of gravity expressed in kinetic units 
(poundals) acting against the body during its rise, and h 
is the number of feet of height or of length of the path 
through which the force was acting during the time that 
the body was coming to rest. The product mg x h (that 
is, the number of units of force multiplied by the number 
of units of length) is, according to Art. 64, the mechanical 
work that the body was able to do in being deprived of its 

velocity. Thus, since mgh = -g-, — The kinetic energy of 
a mass m moving with velocity v, is -g- in Jdnetic units, 

and (according to Art. 22) is -^r in gravitation units, ^ 

In the case that we have just been considering where 
a body, in virtue of kinetic energy that it possesses, rises 
against gravity to a height above the earth's surface, the 
kinetic energy of the moving mass is converted into 

* Here resistance of the air is supposed to produce no retarda- 
tion, and thus gravity is the only force that we have to consider. 

t The name vis viva, which is now all but obsolete, having 
heen replaced by the expression kinetic energy of a moving mass, 
was given by Leibnitz to the product mv^, which, it will be seen, 
is t\\4ce the numerical value of the kinetic ener^ of the mass tn. 
moving with velocity v. 



132 THEORETICAL MECHANICS. 

potential energy. The mass thus raised up acquires — in 
virtue of its position relatively to the earth — energy, in 
virtue of which it can perform work in falling again to 
the earth's surface. Thus, if by some arrangement the 
body is caught at the highest point of its course, it can 
be made to do work in falling. It can be set to drive a 
clock or other machinery for example. The potential 
energy of a body raised up from the earths surface is equal 
to the work required to bring it from the earth's surface to 
the place it occupies. Thus a body whose mass is m lbs., 
raised to a height h feet, possesses m>gh kinetic units 
(foot-poundals), or mh gravitation units (foot-pounds) of 
potential energy. 

Finally, let the student observe that since the numerical 

values of —k- and mgh are identical for the case that we 

have been considering, the values of the kinetic energy 
and of the potential energy into which it is convertible 
are the same. He will find it easy to prove in the con- 
verse case where a body, whose mass is m pounds, is let 
fall from a height h feet, that the potential energy of the 
mass raised from the earth's surface is equal to the kinetic 
energy that the mass acquires in falling to the surface 
(the resistance of the air being considered as nothing). 
This is a particular case of the grand Principle of Con- 
servation of Energy. 
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TABLES FOR COMPARISON 

OP 

BRITISH AND METRICAL MEASURES. 

1 inch 2'5400 centimetre. 

1 foot 30-4797 centimetre. 

1 statute mile.. 1 '609 kilometre. 

1 nautical mile 1 '852 kilometre. 

1 metre 39-370 inch. 

1 metre 3-2809 feet. 

1 kilometre 0-6214 statute mile. 

By Captain Clarke's determination (1866), one metre is 
39*370432 inches, the Standard Metre being taken as correct at 
0° Centigrade, and the Standard Yard at 16^'* C. 

Surface. 

1 square inch 6*5416 square centim. 

1 square metre 10*764 square feet. 

Capacity. 

1 cubic inch 16*387 cubic centim. 

1 cubic foot 28*316 cubic decimetre (litre). 

Ipint -5676 Htre. 

1 litre (1000 cubic centims.)... 61*025 cubic inch. 

Weight. 

1 grain 64*799 milligramme. 

1 pound avoirdux^ois 453 -59 gramme. 

1 ton 1*016 metrical tonne. 

1 gramme 15*4323 grain. 

1 kilogramme 2*2046 lb. 

1 tonne (1000 kilos.) '98421 ton. 

By the determination of Professor W. H. Miller (1844), the 
Standard "Kilogramme des Archives" is 15432*34874 grains^ <ii 
which the Standard Pound contains 7000. 



EXERCISES AND EXAMINATION QUESTIONS. 



{A cotmderdble number of the following exercises are selected from 
tJ^e Examination Papers for Science Schools and Classes, pub- 
lished by the Science and Art Department, Answers, in- 
structions, and references to aid the student in answering the 
questions are included in square brackets [ ].) 

In nnmerical calculations it ought to be a rule that the answer shall not 
be given with a long and useless string of figures, pretending to exactitude 
altogether beyond that warranted by the physical data ; but in making ap- 
proximations the result must be worked out in such a way that the Uut ** signi- 
ficant figure/' presented in the answer shall make the answer the nearest to 
that which would be obtained were it quite folly worked out £rom the data 
offered. 

1. Explain what is meant by the composition of velocities. 
Find by construction or otherwise the resultant of two uniform 
velocities of 12 feet per second and 17 feet per second, the 
directions being inclined at 60°. 

2. A river is flowing down a straight channel at one mile per 
hour. 'A boat is rowed across it, and Kept always at right angles 
to the line of the channel, and is thus, while it crosses, carried 
downward with the river. The boat is rowed at 4 miles per hour. 
Find the direction of motion of the boat relatively to the land. 

3. A river is flowing at half a mile per hour down a straight 
channeL A boat is rowed across, and steered so as to point 18° 
up stream. How fast must it be rowed that it may cross at 
right angles to the stream? If the river is 200 feet wide, how 
long wiU it take to cross? [This exercise will be peiformed 
most easily by construction.] 

4. The velocity of a train is known to have been increasing 
uniformly. At 1 o'clock its velocity was 12 miles an hour, at 10 
minutes past 1 o'clock its velocity was 36 miles an hour. What 
was its velocity 7i minutes past 1 o'clock? 

6. State Newton's first law of motion, and explain what is 
meant by inertia of matter. 

6, Mention the points that must be specified that a force may 
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be considered to be known. Wliat is meant by a force of onfe 
pound? 

7. Define the absolute or kinetic unit; and specify the 
kinetic units on the British System and on the Metrical System 
[Arts. 20, 22]. 

8. Reduce 6 pounds force at London to British kinetic units. 
Express the weight or gravity of 24 grammes at London in dynes. 
(Force of gravity per pound of matter is 32* 191 poundals at 
London at sea-level or 981 '16 dynes.) [Art. 22.] 

9. Express 450 poundals in pounds force at London. 

10. (a.) State exactly what is meant when it is said that the 
accelerating force of gravity near the earth's surface is very 
nearly 32*2 in feet and seconds. (jS.) A body falls freely under 
the action of gravity from rest for 6 seconds, what is the space 
described in the last 2 seconds of its motion? [(a.) The expression 
" accelerating force of gravity " is an old name for what is better 
called the acceleration due to gravity, or else it is the intensity of 
gravity per unit of mass. The acceleration due to gravity is the 
acceleration that a body is subject to when it is falEng freely, or 
the velocity in feet per second gained per second by a body fall- 
ing freely. As a body falling freely from rest for one second 
acquires a velocity of 32*2 feet per second, the number 32*2 re- 
presents the acceleration due to the force of gravity (Arts. 15 
and 18). The number 32*2 also expresses the force of gravity in 
British kinetic units per pound of matter (Art. 37, p. 69). 
(jS.) The formula for calculating the space fallen from rest in any 
time, t is 

If «=6 «=i 32-2x36 
^=4 «'=i 32-2x16. 

The difference or space fallen in the last two seconds 

=«-«'=16-l X 20=322 feet.] 

11. A body under the action of a constant force describes in 
three successive seconds distances of 12 ft., 18 ft., and 24 ft. 
respectively; what ratio does the force per unit of mass produc- 
ing the motion bear to the force of gravity per unit of mass? 
((7 = 32.) [Here the increment of velocity, or the acceleration, 
is 6 feet per second gained per second. But the acceleration is 
numerically equal to the force per unit of mass. Thus the force 
per unit of mass is 6 kinetic units (poundals). The intensity of 
gravity per unit of mass is taken to be 32 kinetic units (poundals)* 
Thus the ratio required is 6 : 32,] 

12. A body whose mass is 8 lbs. is known to be under the 
action of a single constant force. It is observed to m^^^^^s^s^ 
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rest, and in the first second of its motion to describe a distance 
of 5 ft. What is the magnitude of the constant force ? [See p. 
106 (4) and (6).] 

13. How long will it take a body to fall freely from rest through 
a vertical height of 192 yards? {g = S2.) [192 yards = 576 feet. 
Take the square root of 576 and divide the result by 4 to obtain 
the time in seconds. See Art. 54.] 

14. A body moves from rest under the action of a constant 
force ; how does it appear that the spaces described in successive 
seconds form an arithmetical progression? [To answer this 
question apply the method of the example, Art. 55, to formula 
(6), p. 106.] 

15. A body is projected vertically upward with a velocity of 
80 feet per second. Find how long it will continue to rise. 
What will be its velocity at the end of three seconds, and in 
what direction will it be moving? 

16. A stone is thrown vertically upward with a velocity of 
200 feet per second. Find how high it will rise, and how long 
it will be before it returns to the point of projection. 

17. A stone is thrown horizontally from the top of a tower 200 
feet high with a velocity of 56 feet per second. Find where it 
will strike the ground. [Find first how long it will take to fall 
to the ground; and then find how far out from the tower it will 
have moved in that time with the given horizontal velocity.] 

18. In an Attwood's machine the boxes hung at the ends of 
the thread are, each of them, 10 ounces; the equivalent for the 
inertia of the wheelwork is 3 ounces. What additional weight 
must be placed on one of them that the system may have an 
acceleration of 2 ft. per second, per second ? 

19. A plummet is hanging by its cord at a place neither on the 
equator nor at either pole. It is carried round with the earth's 
dmmal rotation. Show by a diagram in what way the direction 
of the plummet cord, and the amount of the force that it has to 
sustain, are influenced by the diurnal rotation. 

20. Suppose that the earth could be made to rotate on its own 
axis in 6 hours instead of 24, and could still retain its present 
form, what would be the gravity of a 20 lb. weight at the equator? 
Take the eai-th's radius as 21 x 10® (21,000,000) feet. 

21. A rod, whose weight can be neglected, rests on two points 
12 inches apart; a weight of 10 lbs. hangs on the rod between 
the points, and 4 inches from one of them. What is the pressure 
on each point? [The pressures on the points of support are 
inversely as the distances of the weight from those points]. 
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22. Three particles A, B, C, are placed so as to form the 
comers of a triangle right angled at B. The mass of A is 6 lbs., 
that of B 10 lbs., that of 9 lbs. The distance AB is 3 feet; 
and the distance BC is 2^ feet. Find the centre of inertia. 

23. Draw two straight lines, AB, AC, containing an angle of 
60^ Let a force of 12 lbs. act from A to B, and one of 23 lbs. from 
A to C. Find by construction, or otherwise, the magnitude of 
their resultant. 

24. A ball weighing 3 lbs. is hung up by a cord, and is drawn 
aside from the normal position of equilibrium by a cord pulling 
horizontally, as in fig. 6, p. 28. The inclination of the cord AB 
to the horizon is 18**. Find by construction, or otherwise, the 
force applied by the horizontal cord and the pull in cord AB. 

25. Draw an equilateral triangle ABC; suppose a force of 10 
lbs. to act from A to B, another force of 10 lbs. to act from B to 
C, and a third force of 15 lbs. from A to C; find their resultant, 
and show by a diagram exactly how it acts. 

26. State exactly what is meant by a body being (1) in stable 
(2) in unstable equilibrium. Illustrate your answer by the case 
of a loaded sphere placed on a horizontal plane. [Art. 49.] 

27. Describe briefly a common steelyard. How does it appear 
that the graduations are equal ? 

28. A uniform cube is placed on a rough table with its edges 
parallel to the edges of the table. The table is then tilted at 
one end till the cube, which does not slip at all, topples over. 
At what inclination does this happen? 

29. A loaded cylinder, such as A, fig. 58, p. 93, rests on an 
inclined plane with its axis horizontal; show by a figure the 
greatest inclination that the plane can have, placing the centre 
of gravity of the cylinder at any distance you choose from the 
centre of the cylinder. 

30. If a small heavy ball is suspended by a fine thread, 12 ft. 
long, find how many small oscillations it will make in one minute. 

31. A pendulum which vibrates seconds of mean time in the 
latitude of London, at the level of the sea, and in a vacuum, 
measures 39*1393 inches, find the intensity of gravity per pound 
of matter there. 

32. A body whose mass is 5 lbs. moves with a uniform velocity 
of 80 ft. per second in a circle whose radius is 10 ft. ; what force 

. must act upon it, and in what direction? In what units is your 
answer estimated? 

33. Suppose the moon to revolve xoxxxA \}si'& ^^ix\}Q.>2C!*^'5i»^^^^ 
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lEiiifoTiiiljoaee in ST| dxj%, the earth being perfeetiy fixed. JFind 
the total attiaetion between earth aad mooB. 

Moon's mass a py r uiii naidy 6"^ x 10** toia. 

Moon's fHitanfp from earth approximaielj 240^000 miles.. 

34. («,) State exactly what is meant hy ihe work aecomnlated 
in, or m vita di, a moTing mass ? (5-) A railway tra^ wta^^ 13 
toaifl. It IS drawn from rest by a horse throng a distance ol 50 
feet, and is then moTing at the rate of 3 miles per hoar. If the 
resistances are 8 lbs. per ton. how many nnits ii wcA. must the 
horse hare done on tiie track? [(«w) "Aecomnlated WTNrk," or 
"trin viva" are did expressions for twice the kinetic energy of a 
moving mass. If a mass m is moving with a Telocity r, tiien 

mv^ is the via viva, and ?^- is the kinetic energy of the body 

(^rt. 66). 03.) The work done by the horse is of two kinds. 
First, there is the resistance dne to friction, etc, oTercome 
through 50 feet, which is eqnal to 12x8x50 foot-pounds, or 
4800 lootj^Cfunds, Secondly, there is the work done in impaurt- 
in^ kinetic energy to the track, since the track is left moving 
with a velocity of 3 miles per hoar. This is calcalated by the 

f ormnla . Bedacing m to poonds, and v to feet per second, 

and taking (7= 32, we find this part of the work equal to 

12x2240 (4»4)' ^ 3^3^^ foot-pounds. 
2x32 
Adding together the two parts of the work done-^ 

Total work done =12931 foot-pounds.] 

35. A body weighing 50 lbs. is moved from a state of rest, and 
is found after a certain time to have a velocity of 10 feet per 
second. How many units of work must the forces causing the 
motion have done over and above those expended on the resist- 
ances? (take ^=32). 

36. A weight of 3 tons 13 raised through 50 feet. : — (a) How 
manv units of work (foot-pounds) must be done by the agent? 
(6) If the weight is raised m a quarter of a minute, what mi^ be 
the horse-power of the agent? 

37. A body weighing 100 lbs. moves without rotation at the 
fate of 20 miles per hour. Find its kinetic energy. If, from the 
instant under consideration, the body slides along a rough hori- 
zontal plane, find how far it will co before coming to rest, the 
co-officient of friction between the body and the plane being 0*05. 

[Here the velocity reduced to feet per second is -^~-t:?--=29'33. 

' ^ 60x60 
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Hence kinetic energy =z^^^ (29-33)» =43022 foot-poundals, 

Or = ^^^<gp'^^^' = 1336 foot-pounds. 
2x32-2 ^ 

To answer the second part of the qnestion, it must be understood 
that the co-efficient of friction is, practically, a number which, mul- 
tiplied by tJie pressure on the plane, gives the retarding force due to 
friction. The retarding force due to friction is found to be in 
simple proportion to the pressure on the plane. Thus the retard- 
ing force = 100 x '05=5 pounds force. Now this retarding force, 
acting through the distance that the body runs before stopping, 
destroys all the kinetic energy that the body possesses; or the 
body, in virtue of the kinetic energy it possesses, is able to do 
work equal to 1336 foot-pounds against the retarding force of 5 
pounds. Let s be the distance run in feet. Then 5 x s is the 
work done over the distance. Hence 

5«=1336, 

or «= 267 -2 feet. 

The student will not fail to observe that the distance travelled is 
quite independent of the mass, since the kinetic energy possessed 
and the retarding force are, both of them, in simple proportion 
to the mass.] 

38. How many gallons of water would a steam engine of 10 
horse -power raise from a depth of 200 fathoms in an hour? (A 
gallon of water weighs 18 lbs. ) 

39. The modulus of elasticity of a substance is 30,000,000 (in 
lbs. per square inch), under what tension will a rod 30 feet long 
and 5 square inches in section be stretched ^ of an inch? [See 
pp. 58 and 59.] 
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